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Abstract
At the intersection of galactic dynamics, evolution and global structure, unresolved
issues in the nature and origin of spirals can be addressed through the characterization of the angular speeds of the patterns and their possible radial variation. In this
thesis I describe the development, testing, and application of the Radial TremaineWeinberg (TWR) Method, a generalized version of the continuity-based TW method
wherein the pattern speed is allowed to vary arbitrarily with radius.
I will address the utility of, and caveats in applying, the TWR calculation together
with a standard regularization technique in a series of tests on N-body simulations.
The regularization, which smooths otherwise intrinsically noisy solutions based on
a priori assumptions for the radial dependence of the pattern speed, proves to be
essential for achieving the radial precision necessary for accurate measurement.
I also present results from applications of the TWR method to observations of

vii

real galaxies, where the possible sources and sinks in the continuity equation are
well understood. Using CO observations of the grand design galaxy M51, the TWR
method reveals a heretofore un-measured inner spiral pattern speed for the bright
two-armed spiral structure, with a value significantly higher than conventional estimates. In addition, the radial dependence implied in the TWR solution suggests a
possible resonant link between the inner and outer regions of the bright spiral arms.
These findings signify an advance in observational investigations into the nature and
origin of grand-design spiral structure.
By analyzing high-quality HI and CO data cubes available for four other spiral galaxies, the characteristic signatures of the processes that drive spiral structure
are likewise identifiable; within this small sample, the first direct evidence for the
presence of resonant coupling of multiple distinct patterns is found in some galaxies,
while a simple single pattern speed is measured in others.
I conclude with a summary of future avenues for investigation with the TWR
method and propose additional modifications of the TW calculation with which the
influence of bar and spiral structure on the evolution of galaxy disks can be directly
characterized.
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Chapter 1
Introduction
Since Lord Rosse first discovered what he described as M51’s “whirlpool-like” spiral arms in 1845,1 these structures have captivated the interest and imaginations of
professional and amateur astronomers, alike.2 As global enhancements in the distribution of surrounding gas and stars, spiral arms are often the most prominent
features in a galaxy, and they can be observed in wavebands throughout the electromagnetic spectrum. Part of their recognizability stems from their role as stellar
nurseries, with regions of newly formed stars aligning along spiral arms like “beads
on a string”. Indeed, for extragalactic travelers, spirals are the signposts of home.
Like spiral arms, bar structures, central elliptical concentrations of gas and stars,
are pervasive in the observable universe.3 Our own Milky Way is a barred spiral
1 Rosse

made his observation of M51, also known as the Whirlpool Galaxy from this
point, with a 72-inch reflecting telescope which he constructed at Birr Castle, Ireland.
2 For 21st century enthusiasts like David Meidt, the wealth of readily-available highquality archival images of spiral galaxies has afforded the overturn of constellations as the
reliable paragons of the night sky. As he appreciates them, spirals are “not assembled
into familiar philosophical reference frames for my comforting ready identification that
completely disappear upon closer inspection.”
3 The fraction of galaxies with bars in the local Universe has been estimated at 65%
(e.g. Menendez-Delmestre et al. 2007), although the recent analysis of the COSMOS field
(Sheth et al., 2008) out to z∼1 suggests that the bar fraction decreases to ∼20% there.
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Figure 1.1 The Hubble “Tuning Fork” galaxy classification scheme. This image is
from the publicly available lecture notes of Curtis Struck, Iowa State University, as
reproduced from Hubble (1958).
galaxy, and, perhaps in no small part, our 150-year quest to decipher the nature,
form, and function of galaxies derives from a desire to know our own “island universe”.4
Much of the groundwork for our current understanding of the galaxies that host
bar and spiral structure originates with the Hubble Sequence of Galaxies, a classification scheme introduced in 1927. As utilized by Hubble (1927), bar and spiral
structures represent the defining characteristic of galaxies. Yet, through their prominent role along the Hubble sequence, an even more vital correspondence with other
morphological and kinematic properties is also recognizable.
For example, spiral arms are almost never seen in lenticulars or S0s (center-left
in Figure 1.1). Since cold gas is also only rarely observed in these galaxies, this suggests that, despite contributing only 5-15% of the mass in a galaxy, interstellar gas
is an essential ingredient of spiral structure. In addition, the openness of spiral arms
measured by the pitch angle α (illustrated in the left panel of Figure 1.2) clearly
varies with Hubble type, as demonstrated in a large sample of galaxies by Kennicutt
4 This

is a term coined by philosopher Immanuel Kant in his 1755 treatise General
Natural History and Theory of the Heavens to describe distant nebulae later recognized as
galaxies.

2
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Figure 1.2 (Right) Diagram of the pitch angle α=R|∂R φ| of a spiral, the angle between the tangent to the arm and the circle at radius R, after Binney & Tremaine
(1987), Figure 6-8. (Left) Measured pitch angle vs. Hubble Type from the Revised
Shapley-Ames Catalog (RSA; Sandage & Tammann 1981) for 113 spiral galaxies,
from Kennicutt (1981).
(1981). As shown in the right panel of Figure 1.2 here, the increase in α from earlyto late-type5 (left to right in Figure 1.1) is a firm observational link between the
characteristics of spirals and their host galaxies; galaxy properties including color,
maximum rotational velocity, luminosity, and gas content also correlate with Hubble
type (e.g. Holmberg 1958; Rubin et al. 1985; Roberts & Haynes 1994 and references
therein), suggesting their interrelation with spiral structure.
As discussed in the upcoming sections, the observation of bar and spiral structures at multiple wavelengths–in the ISM, and in old and young stars– supports the
idea that they are features of the underlying galaxy gravitational potential and that
the entire disk participates in the pattern. So, too, is it thought that their influence
extends throughout the disk. As the primary sites of star formation, spiral structures play a prominent role in determining the chemical composition, density, and
thermal equilibrium in the interstellar gas, as established by both theory (e.g. Shu
et al 1972; Kim et al. 2008) and observation (e.g. Rand 1993; Knapen et al. 1996).
5 So

called for the evolutionary sequence originally envisioned by Hubble.

3
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Bars are also influential agents in the disk, and they have been used to trace the
properties and evolution of the mass distribution in galaxies: bar-driven gas inflow
is thought to fuel the growth of stellar pseudobulges, a dominant mass component in
the centers of galaxies; the high frequency of bars observed, itself, places constraints
on the cosmological accretion of gas onto disks (Semelin & Combes, 2005); and bars
have also been used to investigate the central Dark Matter (DM) content in these
systems (e.g. Debattista & Sellwood 2000; Corsini 2008);
Despite these, and other, observational and theoretical advances, the origin and
evolution of large-scale bar and spiral structures remains one of the prime unresolved issues in the dynamics and evolution of galaxy disks. In the upcoming sections I will review the status of this issue–both the strengths and the deficiencies
in our understanding–and motivate the development of a new model-independent
observation-based method to measure pattern speeds and their radial variation with
the aim of revealing fundamental insight therein.

1.1

Theories of Spiral Structure

The Hubble sequence (Figure 1.1) also depicts the well-known “winding problem” of
spiral structure: since spiral patterns in galaxies ranging from Sa to Sc are observable
in the nearby Universe, it must take longer than an orbital period for spiral structure
to evolve from loosely- to tightly-wound. Yet, as first contemplated by Wilczynski
(1896), differential rotation would seem adverse to the maintenance of long-lived
patterns. Consider, for example, a spiral like that in Figure 1.2, composed simply
of fixed material in the disk such that, at a given radius, the azimuthal angle of the
arm φ=φ0 -Ω(R)t where Ω(R) is the angular speed of the disk in differential rotation
and φ0 =φ(t=0). If we let Ω(r)∝R−1 , then after a few orbits this spiral would be
more tightly wound than observed, since cot α=Rt|∂R Ω|=tΩ/R; in a disk with a flat

4
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rotation curve ΩR=220 km s−1 , after 10 Gyr the spiral pitch angle at a radius r=10
kpc will be α=0.26◦ .
Since we see spirals in nearby galaxies, we know that spiral patterns are not as
short-lived as this implies. Any theory of spiral structure must therefore be able to
resolve the winding problem consistently.

1.1.1

Density Wave Theory and Lin-Shu Quasi-Stationary
Spiral Structure

In the 1950s, Lindblad recognized that spiral structure might be long-lived if it arises
through the interaction between the orbits and gravitational forces of disk stars and
that the problem, moreover, could be approached from the perspective of stellar dynamics. But it was not until a decade later that Lin and Shu (1964; 1966) formally
realized that spiral structure could be regarded as an oscillation that propagates
through the disk. Such a wave, hypothesized to be present in the density and hence
gravitational potential of the disk (via Poisson’s equation), is described with simple
wave mechanics based on the assumption that a small perturbation to the gravitational potential can be written with time dependence φ − Ωp t, where Ωp is the
angular frequency of the perturbation. (A perturbation of this sort might be due to
a rotating bar, a nearby orbiting companion, or a spiral with a well-defined pattern
speed.)
From this point, Kalnajs, Lin, Toomre, and others developed local, analytic “density wave” solutions in the short-range, tight-winding limit (see Binney & Tremaine
1987 for a review), which have proven indispensable for understanding the origin
and evolution of density waves in galaxies. To first-order in the perturbation, Euler’s
equation yields wave solutions for the surface density Σ, the gravitational potential Φ,
and the radial and azimuthal velocities vr and vφ with time dependence eim(φ−Ωp t) .
Toomre (1964) then showed that the existence and propagation of these density

5
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waves is intimately related to the stability of rotating disks, as manifest by the (local) Toomre criterion for stability against axisymmetric perturbations, paralleling
the analysis of the Jeans instability;

6

instabilities are suppressed when (Binney &

Tremaine, 1987)
Q=

vs Ω
& 1,
GΣ0

(1.1)

where vs is the sound speed in either the gas or stars, G is the gravitational constant,
and Σ0 is the unperturbed surface density.
Coupled with Lindblad’s hypothesis that spiral patterns are neutrally stable,
long-lasting, and alter little in appearance over many orbital periods, the idea that
these patterns are density waves is known as the Quasi-Stationary Spiral Structure
(QSSS) hypothesis. Quantitative predictions testable with observations have made
this a central theory for the past 50 years, as reviewed in § 1.1.1.2.

1.1.1.1

Kinematic Waves

Insight into density wave theory can be gained by considering patterns as strictly
kinematic waves, ignoring the non-axisymmetric contribution the pattern itself makes
to gravitational potential.
Consider a stellar orbit characterized by azimuthal frequency Ω and epicyclic
frequency of radial motion κ defined as
dΩ2
+ 4Ω2
κ =R
dR
2

(1.2)

6 Note

that if a spiral is to be long-lived, the concentration of matter in the arms which
results in increased density and gravity there must also induce “streaming motions”– deviations from uniform, axisymmetric rotation in the stars and gas–in order to prevent runaway
gravitational collapse (see. e.g. Roberts 1969; Kim & Ostriker 2002).
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Figure 1.3 Arrangement of closed orbits in a galaxy where Ω-κ/2 is independent of
radius; after Kalnajs (1973), as in Binney & Tremaine (1987), Figure 6-11. Panel (a)
represents a bar, while Panels (b) and (c) represent either leading or trailing spirals,
depending on the direction of rotation; trailing (leading) arms point opposite (in)
the direction of galactic rotation.

(see e.g. Binney & Tremaine 1987). The elliptical path of the star will appear closed
after m=2π/n epicyclic oscillations in every n orbits when viewed in a frame rotating
with Ωp =Ω − nκ/m where m and n are integers. Depending on the ratio of Ω to κ
and the phase offset between neighboring orbits, these orbits can be arranged into
simple patterns with m-fold symmetry, like a bar or the spirals in Figure 1.3, where
m=2.
Figure 1.4 shows an example of how the angular frequencies Ω and Ω±κ/2
vary in a real disk. Lindblad first noticed that the near radial independence often
observed in the curve Ω − κ/2 might explain the prevalence of two-armed spirals in
that closed, precessing elliptical orbits would be guided by the near constancy of the
curve. In reality, Ω − κ/2 is rarely constant and the orbits composing the pattern
will not close. While in this case the pattern will eventually unwind according to the
drift rate of the pattern (e.g. the beginning of §1.1), these kinematic waves resist the
winding process better than material arms by about a factor of five.
Even these waves, however, are still not quite the long-lived pattern envisaged
by Lindblad. This, in fact, is the primary hypothesis of Lin-Shu QSSS: long-lived
patterns might be achieved given a coordination of drift rates by the effect of non-
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Figure 1.4 An illustration of realistic curves for Ω (blue) Ω+κ/2 (yellow) and Ω-κ/2
(red) where Ω and κ are the angular and epicyclic frequencies in the disk, respectively,
in a system with a low central mass concentration and a flat rotation curve at radii
r>4 kpc.
axisymmetric gravitational forces.

1.1.1.2

Predictions: Resonances

A diverse set of observationally testable predictions–covering galactic morphology
and kinematics to pattern extent, width and amplitude–has made density wave theory exceedingly attractive over the past five decades. Observations confirm that
spiral structure is indeed present in the old stellar disk of many galaxies, thereby
indicating that the pattern is present in the gravitational potential (e.g. Elmegreen
& Elmegreen 1984). Consistency with numerical and analytical predictions for the
response of gas to the non-axisymmetric stellar potential (e.g. Lubow et al. 1986;
Kim & Ostriker 2002; Roberts & Stewart 1987) has also been found (e.g. in M81 by
Visser 1980 and in M51 by Rand 1993 and Aalto et al. 1999).7
7 Gas

is also recognized as an essential ingredient for spiral structure, as suggested by
the observational tendency to find mostly trailing spirals. Since the equations of motion
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As will be reviewed in § 1.2.2, one of the most commonly exploited predictions
pertains to the existence of resonances in the disk. Orbits in a frame rotating with
Ωp experience resonances when the forcing frequency on the stars or gas equals its
natural frequency, given by the condition Ω′ = κ/m = Ω − Ωp . For instance, the
so-called Inner and Outer Lindblad Resonances (ILR and OLR) occur where the
period of a star’s radial excursion around its circular orbit equals the time spent
crossing from one main spiral arm to the next. So, for a two-armed spiral with
pattern speed Ωp =30 km s−1 kpc−1 in Figure 1.4, for example, the ILR and OLR
(where ±κ/2=Ω − Ωp ) would be located at r=0.6 kpc and r=3.2 kpc, respectively.
The Corotation Resonance (CR), where Ω=Ωp , would meanwhile occur at r=2 kpc
for this speed, with disk material rotating faster (slower) than the pattern inside
(outside) this radius. Note that, depending on Ωp and the shape of the rotation
curve, disks can have more than one inner Lindblad resonance; pattern speeds below
Ωp =30 km s−1 kpc−1 in Figure 1.4 would have both an inner and outer ILR (IILR
and OILR).
Given that the response to the non-axisymmetric potential is strongest at these
locations in the disk, resonances are accompanied by unique morphological and kinematic signatures (see the references in §1.2.2). Moreover, these resonances delimit
the zone over which the density wave can propagate, and hence specify the radial
extent of the spiral pattern. Based on the expectation that waves can be created
or destroyed at resonance (e.g. Lynden-Bell & Kalnajs (1972); and see Binney &
Tremaine 1987), Shu (1970) argued that spirals should begin at ILR and end at OLR,

in a disk (given by the collisionless Boltzmann equation together with Newtonian gravity)
are time-reversible, for every stationary spiral solution describing a trailing spiral there
is a corresponding leading spiral solution. Given the observed preponderance of trailing
arms, the so-called “Anti-Spiral Theorem” (Lynden-Bell & Ostriker, 1967) implies that
spiral patterns cannot be described simply by steady-state solutions. The patterns in this
case either are not steady-state (but, e.g., triggered by a recent disturbance) or additional
non-time-reversible physics is involved (e.g. dissipation and shocks in the ISM).
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for example.8,9

1.1.2

Other Theories

Several other theories have also been developed to resolve the winding problem. In
the stochastic wave paradigm, for example, the spiral pattern is a ‘detonation wave’
of star formation that propagates around the disk (Mueller & Arnett, 1976). This
scenario is arguably applicable to flocculent galaxies with short, fragmented arms
showing little symmetry. Otherwise, spirals can be simply described as gravitational
instabilities in the disk that shear out into a spiral pattern which lasts until the
young stars die (see Binney & Tremaine 1987). While these spirals are density waves
in a statistically steady state, they are short-lived and no global pattern is produced.
Nearby companions have also been invoked as a compelling source of spiral structure in some galaxies. Although the theory of tidally-induced spiral structure in this
case is not expected to be descriptive of spirals in general, it is thought to be appropriate for grand-design spirals (i.e. M81, M51 and M100), which are symmetric and
regular, suggesting that the spiral is the result of a large-scale global process.
In this pattern formation scenario, the orbiting companion excites tidal perturbations in the gravitational potential, and the tidal waves then propagate at the group
velocity through the disk (see Binney & Tremaine 1987). However, as modeled by
Toomre (1981) and Salo & Laurikainen (2000a) in M51, for example, these waves
do not follow the Lin-Shu dispersion relation for density waves (Lin & Shu 1964,
8 Interpretations

vary, however. Lin (1970) initially argued that spiral waves should be
damped at CR, but this later yielded to findings that spirals can extend as far as OLR, if
sometimes faintly (see Elmegreen et al. 1989, for example).
9 The premise of “swing-amplification” (Sellwood & Kahn, 1991) is also related to this
expectation. To explain the ubiquity of spiral structure, transient spiral features persisting
for a short fraction of a galaxy lifetime are thought subject to this cyclical wave regeneration
mechanism whereby leading disturbances unwind, gain amplitude, and wind into trailing
ones that then reflect at resonances into leading waves.
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1966), and in fact have constantly evolving angular pattern frequencies. This theory
is nevertheless consistent with the appearance of spiral structure over a long period
of time, since the tidal waves are expected to be swing amplified (see footnote [9]).
Kormendy & Norman (1979) observationally linked grand-design spirals both to
companion galaxies and to bars. Bars, which are natural instabilities in rotating disks
(see e.g. Ostriker & Peebles 1973), then, are also clear candidate spiral drivers. In
density wave theory, these structures can be described as the simple standing wave
superposition of spiral waves that can propagate into the inner parsecs of galaxy
disks.10 Yet, as reviewed in § 1.2.1, theory does not supply a concrete relationship
between bars and spirals: whether bars drive spirals with the same angular speed,
or different, remains unclear.
Other alternatives to the QSSS picture include magnetohydrodynamical theories,
where structure is hypothesized to be organized primarily by magnetism, rather than
gravity, and the modal theory of spiral structure (see Bertin et al. 1989a, 1989b; Lowe
et al. 1994), a non-local extension of the Lin-Shu theory. In the latter’s framework,
spirals are self-excited and maintained by feedback between the stellar disk and the
more dissipative, self-gravitating gas disk. These spirals are described as intrinsic
global modes of rotating disks, where each mode is comprised of both inward and
outward propagating wave packets (resulting in a standing spiral wave). Modal theory can successfully describe both grand-design (e.g. M81; Lowe et al. 1994) and
multi-armed spirals (e.g. M74; Elmegreen 1990). As the complex superposition of
numerous modes, the short arms in flocculent galaxies, too, can be understood within
the context of this theory (e.g. Thornley 1996).

10 The

bar instability stabilizes through feedback effects: the mass distribution evolves
to create an ILR, which cuts off bar growth.
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1.2

Bar and Spiral Pattern Speeds

The theories of spiral structure outlined in the previous section are key to our understanding of the appearance, properties and evolution of galaxy disks, and observational efforts aim to distinguish between these theories by exploiting the predictive
powers of each. One of the defining parameters of bar and spiral structure appreciated for its interpretative strength is the pattern speed, the angular rate at which
these structures rotate. Since the pattern speed determines the rate at which gas and
stars encounter these structures, it provides a description of their influence on star
formation, the processing of the interstellar medium and the distribution of metals
(e.g. Rand 1993; Knapen et al. 1996; Henry et al. 2003), for example. Bar torques
depend on the pattern speed, and therefore gas inflow rates (Quillen et al., 1995)
and AGN-fueling timescales do, as well. In early-type barred galaxies, pattern speeds
have also been used to investigate the central Dark Matter (DM) content in these
systems (e.g. Debattista & Sellwood 2000; Corsini 2008).
The pattern speed moreover supplies an essential characterization with which to
investigate the origin and evolution of large-scale structures. As reviewed in the following sections, however, the variety of pattern speed behaviors predicted by theory
have been difficult to observationally verify, and fundamental aspects of wave patterns are still not well understood.

1.2.1

Pattern Speeds and Their Radial Variation

Although grand-design spirals have been observationally linked to the presence
of bars or companions (Kormendy & Norman, 1979), it remains unclear whether
spirals are long-lived density waves persisting over many revolutions (i.e. Lin &
Shu 1964; Bertin et al. 1989a), or rapidly-evolving, transient features, as found in
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simulations (Sellwood & Carlberg 1984; Thomasson et al. 1990; Sellwood & Kahn
1991). Virtually nothing is known about the actual lifetimes of spiral patterns.
It is also uncertain how waves can exist over large fractions of a disk radius, as
observed. Since the resonances (inner and outer Lindblad; ILR and OLR) between
which waves are expected to propagate in general do not span a large range in
radius (Masset & Tagger, 1997b), waves of different speeds and structure may occupy
distinct radial zones. In barred galaxies, the alignment between bar and spiral (as in
M83, where the two-armed spiral emanates from the bar ends) initially thought to
indicate that they have the same pattern speed does not occur in general (Sellwood
& Sparke, 1988). Furthermore, where the bar ends near its Corotation Resonance
(CR) (e.g. as found in early-types; Corsini 2008), a spiral generated with the same
speed would lie mostly outside the CR (i.e. with dust lanes along the convex side of
the arms), which is also uncommon.
In the theory of “mode coupling” (Sygnet et al. 1999; Masset & Tagger 1997b),
multiple patterns in different radial zones are linked, such that the resulting wave
structure can extend over a larger radial range than is possible for a single pattern.
In this scenario, the CR of an inner pattern overlaps with the ILR of an outer
pattern, and at this overlap energy and angular momentum are efficiently transferred
outward in the disk. This was first demonstrated between simulated bars and spirals
by Masset & Tagger (1997b) and later by Rautiainen & Salo (1999), who find, in
addition, that the coincidence of the spiral’s inner 4:1 resonance with the bar CR is
also effective.
Spiral-spiral mode coupling may also occur, typified, perhaps, by the transition
commonly observed between a strong two-armed spiral and more complex structure
at some radius. In their simulations, Rautiainen & Salo (1999) find evidence for
spiral structure in the absence of a bar, spiral-spiral mode coupling, and multiple
pattern speeds without mode coupling.
Clearly, to address questions about the persistence of spiral patterns and the
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relation between bars and spirals and multiple spiral speeds requires determination
of the pattern speed and how it varies with radius; only with accurate measurement
of bar and spiral or inner and outer spirals pattern speeds in the same galaxy can
we confirm whether spiral structure is steady or winding, whether bars and spiral
pattern speeds are equal or are unrelated, whether mode-coupling exists, and the
domain and number of patterns that can be sustained in a disk.
Pattern speed measurements, especially where this parameter exhibits spatial
variation, however, have been elusive.

1.2.2

Pattern Speed Estimation

Because they are not directly accessible through observation, pattern speeds are often determined with indirect means such as the identification of predicted behavior
at resonance radii (e.g. Elmegreen et al. 1989; Elmegreen et al. 1996) or kinematic
and morphological comparisons of simulated and observed structure (e.g. Rautiainen
et al. 2005; Garcia-Burillo et al. 1993).
In the former case, resonances are located based on theoretical expectations for
the morphology and kinematics at these locations in the disk, and the pattern speed
then inferred by inspection of the angular rotation and Lindblad curves (e.g. as in
Figure 1.4). But while it is thought that an ILR (if it exists) marks inner extent of
a spiral wave (which is expected to damp at this location), both the CR and OLR
have been argued coincident with the outer extent of spirals, leading to substantially
different results. The method is also vulnerable to uncertainties arising from the
depth of imaging and choice of tracer, as in the case of M81 where, depending on the
use of stars or gas, the spiral structure could end at either r<10 kpc or r>16 kpc (see
Westpfahl 1998). In addition, depending on the rotation curve and the pattern speed
in some galaxies, resonances may not exist. (A pattern speed Ωp =200 km s−1 kpc−1
in Figure 1.4, for example, would lack an ILR).
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In velocity fields, resonance identifications based on streaming motions are also
observationally challenged. While the CR is thought to be accompanied by a change
in the sign of radial motions (Canzian 1993; identified from measurements of the
line-of-sight velocity along the galaxy minor axis), tangential motions may interfere
with this identification if the assumed major axis position angle (PA) is incorrect.
Resonance-based methods are more straightforward for predicting bar pattern
speeds, since bars are expected to end at their corotation radii (Contopoulos 1980;
Athanassoula 1992). Although evidence seems to support this prediction (in mostly
early-types; Elmegreen 1996), where the DM contribution to the gravitational potential is large, Debattista & Sellwood (2000) find that the simulated interaction
between a bar and the DM through dynamical friction decelerates the bar (Weinberg 1985; Debattista & Sellwood 2000), such that it grows in length disproportional
to the greater increase in the corotation radius.
In the second commonly employed method, observations are compared with hydrodynamical simulations of the gas response to an imposed potential estimated
from stellar images in either the R- or IR-bands (e.g. Garcia-Burillo et al. 1993 and
Combes & Gerin 1985 for M51, Sempere et al. 1995 for M100, and Salo et al. (1999)
for IC 4214). Whether or not this technique is accurate (or reliable) depends on
the qualities of the model: the precision of the defined potential, the hydrodynamic
behavior (how gas reacts to wave; dissipation), and whether or not self-gravity is
included, for instance.
Since all of these methods rely on theoretical expectations, and are subject to
the associated uncertainties, it is also clearly desirable to employ methods for estimating pattern speeds that do not rely on theoretical models or simulation. Many
other pattern speed determinations have therefore centered on the use of the modelindependent method of Tremaine & Weinberg (1984; hereafter TW) which presents
a rigorous derivation for constant pattern speeds Ωp based on the requirement of
continuity using observationally accessible quantities.
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1.2.3

The Tremaine-Weinberg Method

As conceived by Tremaine & Weinberg (1984), integration of the continuity equation
yields a formulation for the pattern speed whereby measurements of Ωp can be made
from observations of the intensity and velocity along an observer’s line-of-sight.
The so-called TW method, outlined below, is founded on several essential assumptions. Specifically, the method requires that the disk of the galaxy is flat (unwarped)
and contains a single, well-defined rigidly-rotating pattern such that the surface density Σ(x, y, t)=Σ(r, φ − Ωp t); that the surface brightness of a kinematic tracer of a
disk component, which must obey continuity, becomes negligibly small at some radius and all azimuths within the map boundary (thereby critically yielding converged
integrals; see below); and that the relation between the emission from this component and its surface density is linear, or if not, suspected deviations from linearity
can be modeled.
Following Tremaine & Weinberg (1984), the continuity equation obeyed by the
tracer (with the replacement ∂Σ/∂t = −Ωp (r)∂Σ/∂φ) can be written as
−Ωp (r)

∂Σ ∂Σvx ∂Σvy
+
+
=0
∂φ
∂x
∂y

(1.3)

where Ωp is the pattern speed, x and y are the cartesian major and minor axis
coordinates, and vx and vy are the velocity components along those axes, with vy
simply the observed velocity (modulo the inclination, i). Note that the pattern speed
is introduced by the time derivative of the surface density at a given location, which
depends on the rate at which the rotating pattern carries material through that
location. (The pattern speed for a stationary spiral would be zero, and the surface
density at every point would not change with time).
Now, integrating eq. (1.3) over x and y (thereby eliminating the unobservable vx
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and the noisy spatial derivative ∂/∂y) yields
Ωp

Z

∞

Σxdx =

−∞

Z

∞

Σvy dx.

(1.4)

−∞

Both integrals in eq. (1.4) can then be normalized by the line integral of the surface
R
density, Σdx (e.g. Merrifield & Kuijken 1995), to form the surface-density weighted

observed velocity (modulo i) and position so that
Ωp =

<v>
<x>

(1.5)

R
R
R
R
where <v>= Σvy dx/ Σdx and <x>= Σxdx/ Σdx.

A demonstration of the calculation is shown in Figures 1.5 and 1.6 as performed

by Zimmer, Rand & McGraw (2004) on the grand-design galaxy M51; a full review
of the calculation and tracer in this case will be presented in the next section. Integration occurs along apertures, or slices, aligned along the galaxy major axis (shown
overlayed on the map of M51 in Figure 1.5). Each slice provides an independent
measure of Ωp . Alternatively, when plotted together as in Figure 1.6 (with the normalization of Merrifield & Kuijken 1995), the slices can be fit with a straight line, the
slope of which is the pattern speed, according to eq. 1.5. In this case, the slope measured by Zimmer, Rand & McGraw (2004) corresponds to a pattern speed Ωp =38±7
km s−1 kpc−1 , although there is also hint of a higher pattern speed for slices |y|.2
kpc, as reconsidered below.

1.2.4

Pattern Speed Measurement with the TW method

The assumptions listed in the previous section dictate the successful application of
the TW method. The fourth requirement, for example, is necessary to ensure that
the integrals converge within the mapped area. By far, the requirement of continuity places the most demanding limit on the method in that the choice of tracer is
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Figure 1.5 Gray-scale map of 12 CO(1-0) emission in M51 measured by Nakai et al.
(1994), reproduced from Zimmer, Rand & McGraw (2004), Figure 1. The slices
(black lines) used in the TW method analysis are superimposed. Only every other
slice is shown for clarity.
restricted. According to its initial conception, the method has been applied to bars
mainly in early-type galaxies–where extinction and obscuration by dust are minimal–
using old stellar light and absorption-line velocities from long-slit spectroscopy; the
stellar component traced by R-band or redward light is well suited to the method
since it is little affected by star birth or death. TW bar pattern speeds in at least 14
SB0 galaxies have so far been measured in this way (see Corsini 2008 and references
therein).
For spiral pattern speed estimation, observations of the ISM have become the
standard choice of spiral tracer for meeting the continuity requirement of the method,
where the sources and sinks are well-understood. The application of the TW method
to CO and HI observations of non-starburst spiral galaxies (e.g. Westpfahl 1998;
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Figure 1.6 <v> vs. <x> for each slice shown with the map of M51 in Fig. 1.5,
reproduced from Zimmer, Rand & McGraw (2004), Figure 2. A straight line is
fitted, the slope of which is the pattern speed.
Rand & Wallin 2004; Merrifield, Rand & Meidt 2006) avoids significant problems
with the stellar component in these systems, namely the faintness of the old stellar
disk and the effects of star formation and obscuration by dust in spiral arms in images
of young stars, by which the application of the continuity equation is invalidated.
Furthermore, Rand & Wallin (2004) and Zimmer, Rand & McGraw (2004) argue
that where the ISM is dominated by either the molecular or atomic gas phases, the
conversion among phases can be assumed to occur at low levels on orbital timescales
such that, together with the low true efficiency of star formation in spirals,

11

the

dominant component arguably obeys continuity. In M81, the TW spiral pattern
speed Ωp =23.4±2.3 km s−1 kpc−1 measured by Westpfahl 1998 using VLA HI observations agrees within the errors with values found by Elmegreen et al. (1989)
and Lowe et al. (1994) by alternative methods described above. Pattern speeds in
galaxies with molecule-dominated ISMs measured using CO, the standard tracer of
11 Typically

5% of gas is turned into stars in 108 years (Kennicutt, 1998).
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H2 ,12 have also been found consistent with previous estimates based on resonance
identifications (e.g. M51, M83, M100, NGC 3627; Zimmer, Rand & McGraw 2004
and Rand & Wallin 2004)

13

.

Although these ISM-based spiral measurements would seem to establish the robustness of the method, it is also clear in many cases that a single pattern speed
is not the best fit to the data. Recall that, while Zimmer, Rand & McGraw (2004)
measured a pattern speed Ωp =38km s−1 kpc−1 in M51, the results show a clear departure from the linear relation at the innermost slices, suggesting that more than a
single pattern speed may exist. Where the higher pattern speed is implied (inside 2
kpc), the TW estimate provides only a lower bound on the true speed (upwards of
90 km s−1 kpc−1 ; Figure 1.6).
Since multiple pattern speeds are predicted by the theories discussed in § 1.1 and
§ 1.2.1, isolating these speeds in real galaxies is of great observational necessity. As it
stands, the TW calculation poses a challenge for extracting multiple distinct or radially varying pattern speeds, in that information from all sampled radii is associated
with a single, constant pattern speed. Non-axisymmetric structures beyond a dominant pattern such as a bar in the disk of a galaxy will interfere with the measurement
of Ωp of the bar; when a non-axisymmetric disk can be decomposed into two components with different pattern speeds, then the TW estimate is a luminosity- and
asymmetry-weighted average of the two patterns (Debattista, Gerhard & Sevenster,
12 In

practice, H2 can be approximately assumed to obey continuity when HI column
densities are everywhere much lower than inferred H2 column densities, whereby the conversion between molecular into atomic gas can be ignored. (In this argument, one must also
consider the efficiency of star formation, and the overall efficiency of conversion between
gas phases).
13 These measurement were based on the use of archival data, either high-resolution
single-dish cubes or from the BIMA SONG survey (Helfer et al., 2003) which include
single-dish data (missing flux in interferometer data alone will violate the third assumption
above). Data cubes have a great advantage over the long-slit data traditionally used
for above-mentioned bars in that uncertainties in the major axis position angle (PA) - a
dominant source of error in the TW method (Debattista 2003; Rand & Wallin 2004) - can
be accounted for by creating slits at a range of PAs.
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2002). The TW estimate for the secondary pattern speed in the inner disk of NGC
6946 observed in Hα , for example, is estimated to be limited to an uncertainty of as
much as 50% given the primary pattern’s contribution to the TW integrals (Fathi et
al., 2007).
In light of these issues, there have been several recent adaptations of the TW
method to positive effect. Applications of the TW method to SB0 galaxies using
stellar light as a tracer extend the limits of integration in the TW calculation to
just past the end of the bar in order to minimize contributions to the TW integrals
from non-axisymmetric (and several magnitudes dimmer) features beyond the bar;
in such cases, integrating past the structure of interest is found to be sufficient for
achieving converged integrals. The bar pattern speeds in NGC 7079 (Debattista &
Williams, 2004) and NGC 1023 (Debattista et al., 2002), for example, have both
been successfully measured in this way.
When there exist more than one pattern in distinct radial zones, however, arguments about the convergence of the TW integrals are less straight-forward. To
measure the secondary bar pattern speed in NGC 2950, Corsini et al. (2003) and
Maciejewski (2006) explore decoupling the inner secondary and outer primary bar
pattern speeds by associating each component with unique surface brightness contributions in the TW calculation. The TW integrals are modified by the presence
of the inner pattern based on an assumption about how and where the two patterns decouple (to first order). This analysis has confirmed the existence of, if not
measured, a unique secondary bar pattern speed possibly indicating counter-rotation
with respect to the primary bar.
At their best–improving the accuracy of pattern speed estimates to about 20%
(Gerssen & Debattista, 2007)–these kinds of adaptations of the TW method for measurement of single or multiple patterns still require assumptions about bar extent
based on morphological or kinematic signatures. To separate the observed surface
brightness in NGC 2950 into secondary and primary bar components, Maciejewski
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(2006) must assume that the patterns indeed decouple at the inner-bar end, or that
the outer pattern is axially symmetric at least within the inner’s extent. There, the
transition between the two is inferred from the location of a plateau in the TW surface brightness-weighted position integral as the limits of integration are extended
from zero. Perhaps more critically, as investigated in the upcoming Chapter (§ 3.3.2),
the direct association of bar length measured in this manner (or perhaps others) with
pattern extent may introduce error into TW calculations.
Furthermore, adaptations of the TW method based on this type of identification
are likely to be inapplicable for spiral pattern estimation. In spiral galaxies, not only
can identifying transitions between patterns be less clear, but non-axisymmetric, or
“streaming”, motions are significantly smaller (e.g. Roberts & Stewart 1987) than
in bars (at least those typically analyzed with the TW method).
As first explored by Zimmer, Rand & McGraw (2004) and Rand & Wallin (2004),
spiral streaming motions do not always seem to be significant in determining the result of the method: with the real velocity field of a galaxy replaced by the equivalent
best-fit axisymmetrically-averaged field, the TW calculation in some cases returns a
pattern speed very similar to the original one. This would seem to indicate that these
spirals are not supported by streaming motions, in which case they are not steady
patterns,

14

but rather perhaps more appropriately described as winding, material

arms. Notably, such a spiral would violate the TW assumption for a well-defined,
rigidly rotating pattern with a single pattern speed.
This TW result, together with the clear finding in many cases that a single value
of Ωp at all radii does not provide the best fit to the data, provided the impetus for
the development of the Radial Tremaine-Weinberg (TWR) Method, the subject of
this thesis (outlined below). Fundamental issues including the prediction for mode
14 A

steady spiral pattern is maintained through the self-consistent reinforcement to the
underlying density perturbation of streaming motions induced by the wave. Although
streaming motions are routinely observed (e.g. Rand 1993), it has never been observationally demonstrated that such a steady situation exists.
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coupling and the theoretical uncertainty regarding spiral longevity can now be addressed with the TWR generalization for spatial variation in the pattern speed in
the radial direction.

1.2.5

Thesis Overview

This thesis reports the pursuit to measure spiral pattern speeds and their radial variation based on the application of the Radial Tremaine-Weinberg method (Merrifield,
Rand & Meidt 2006; Meidt et al. 2008a; Meidt et al. 2008b). The method, outlined
in Chapter 2, is a modification of the TW method that by premise allows the pattern
speed to vary radially. In practice, pattern speeds measured with TWR calculation
are highly susceptible to oscillatory behavior, as described in § 2.2.1.2. As a counteractive measure, in § 2.2.2 I introduce a standard matrix regularization technique,
which smooths otherwise intrinsically noisy solutions based on a priori expectations
for the radial dependence of the pattern speed. My efforts to develop the regularized
TWR method, including the construction of simple models for the radial dependence
in the pattern speed, and the consideration of standard diagnostic techniques with
which to reliably invoke the requisite set of a priori assumptions, are also reviewed
there.
As employed with regularization, the TWR method affords straightforward investigations into bar and spiral relations, spiral-spiral couplings, and spiral winding. In
Chapter 3 I describe tests of this utility on three simulations: a barred spiral, a winding spiral, and a double barred galaxy. Applied to reproduce a realistic observational
scenario, the TWR method measures the pattern speeds in these simulations with
less than 20% error, and often with significantly more precision than the traditional
TW method. Furthermore, the regularization proves to be essential for maintaining
the radial precision required to accurately assess variation in pattern speeds, without
the introduction of noise-induced systematic errors.
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In consideration of these results, the limitations and sensitivities of the method
are reviewed at the close of Chapter 3, where a set of guidelines for the successful
application of the method are also presented. These prove to be especially influential for the TWR analysis of real galaxies, as illustrated beginning in Chapter 4,
where I describe the application of the method to the the grand-design spiral galaxy
M51. Using CO observations of the molecule-dominated ISM, the method returns
a solution that delineates at least three distinct pattern speeds over the zone of the
bright spiral structure (as presented in § 4.5.2 and compared to other tested models
of the radial dependence in § 4.5.4). This finding is consistent with other independent evidence for more than a single pattern speed in the inner disk of M51, and also
suggests a possible resonant link between the inner and outer regions of the spiral
arms (as investigated in §§ 4.5.4-4.5.5).
The application of the method to four more spiral galaxies, M101, IC 342, NGC
3938 and NGC 3344, is described in Chapter 5. For this sample of galaxies, combinations of both CO and HI observations are considered as a means of both extending
the radial range of detectable pattern speeds, and enhancing the suitability of the
tracer in meeting the continuity requirement of the method (§ 5.2). The best solutions measured on this basis are presented in § 5.4.1, where they are also interpreted
according to the resonances associated with each. As in the analysis of M51, these
resonances serve as the main informant of the results, and with them the characteristic signature of the processes that drive the spiral structure are identifiable: even
this small sample of galaxies reveals a surprisingly complex taxonomy, with the first
direct evidence for the presence of resonant coupling of multiple distinct patterns
found in some systems, and the measurement of a simple single pattern speed in
others.
The primary results of this thesis are summarized in Chapter 6 where, in light of
the demonstrated capacity of the TWR calculation to uncover the complex physics
behind spiral structure, I also describe future avenues of investigation with the
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method. In addition, starting in 6.2, I introduce further modifications to the TW
calculation that have the capability of revealing, in addition to the pattern speed,
other information representative of the influence of bar and spiral structure on the
evolution of disks. One such calculation should facilitate detections of bar-driven
gas inflow crucial for establishing direct observational evidence for the fueling of
starbursts and AGN.
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Chapter 2
The Radial Tremaine Weinberg
Method

2.1

Chapter Overview

This chapter presents the derivation of a generalized version of the TW (1984)
method in which the pattern speed is allowed to vary arbitrarily with radius (first introduced by Merrifield, Rand & Meidt 2006; hereafter MRM). Like the TW method,
the so-called radial TW (TWR) method returns pattern speed estimates using measurements of observables based on a requirement of continuity. But, in contrast,
the TWR method more crucially enables radial variation in Ωp to be assessed, if
present, allowing the relation between the speeds of multiple, distinct patterns (i.e.
bars and spirals) to be investigated, and also supplying a metric for the lifetime of
single, extensive spiral pattern. As applied to CO observations of NGC 1068, the
method reveals that the pattern speed of the spiral structure in this galaxy varies
rapidly with radius, and that the lifetime of the spiral structure is correspondingly
very short.
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Here we also develop the TWR calculation with a standard regularization technique which smooths otherwise intrinsically noisy solutions through the use of a
prior models of the radial dependence of the pattern speed (e.g. constant, linear or
quadratic). This proves to be essential for achieving the precision required to accurately assess radial variation in pattern speeds. In addition, the a priori χ2 -testable
models afford straightforward tests for bar-spiral and spiral-spiral relations, and spiral winding. Applied in this way, the TWR method promises to be an invaluable
resource for tests of long-lived density wave theories and for understanding the connection, if any, between bar and spiral pattern speeds.

The contents of this chapter in large part originate with the publication, “Tests
of the Radial Tremaine-Weinberg Method”, Meidt, S. E., Rand, R. J., Merrifield, M.
R., Debattista, V. P. & Shen, J. 2008, ApJ, 676, 899.

2.2

Introduction

One of the prime unresolved issues in the dynamics and evolution of galaxy disks
remains the origin and evolution of large-scale bar and spiral structure. Though the
persistence of grand-design spirals has been tied observationally to the presence of
bars or companions (Kormendy & Norman, 1979), virtually nothing is known about
the actual lifetimes of spiral patterns. Additionally, despite indications that the relation between bar and spiral pattern speeds (which Sellwood & Sparke (1988) first
argued may not be equal) may be important for understanding the role of bars in
angular momentum transfer during secular disk evolution (e.g. Debattista & Sellwood 1998 and Debattista & Sellwood 2000), there are as yet unanswered questions
about the connections between multiple patterns in different radial zones. While
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mode-coupling between patterns, which allows efficient outward angular momentum
transfer in disks (Sygnet et al. 1999; Masset & Tagger 1997) seems a most promising
link, in 2D N-body simulations with a dissipative gas component Rautiainen & Salo
(1999) find evidence for spiral structure in the absence of a bar, bar-spiral mode
coupling, spiral-spiral mode coupling, and multiple pattern speeds without mode
coupling.
The recent radial modification (MRM) of the TW method for observationally
determining a single constant pattern speed (Tremaine & Weinberg, 1984) proves
to be invaluable for resource for observationally addressing these issues. Like its
traditional counterpart, the TWR method yields measurements of the pattern speed
using observationally accessible quantities based on a requirement of continuity. The
method is model-independent, and so overcomes several of the obstacles in reliably
estimating pattern speeds with other, indirect methods (e.g. resonance identification
or modelling; Elmegreen et al. 1989, Elmegreen et al. 1996, Rautiainen et al. 2005,
Garcia-Burillo et al. 1993; see Chapter 1).
The TWR method moreover provides a resolution for those applications of the
TW method where pattern speed estimates show a clear, systematic departure from
a single value (e.g. Zimmer, Rand & McGraw 2004 and Merrifield, Rand & Meidt
2006); particularly in disks with multiple or extended structures, this behavior implies that the pattern speed is not constant either because it varies temporally or
spatially. So while the TW calculation poses a challenge for extracting multiple
distinct or radially varying pattern speeds (in that information from all sampled
radii is associated with a single, constant pattern speed; see Chapter 1), by letting
Ωp =Ωp (r), the TWR method explicitly allows for the possibility that a galaxy may
contain a number of distinct features at different radii, such as bars and spiral arms,
each with their own pattern speeds. It also makes possible the detection of spiral
winding and hence the estimation of the lifetime of a galaxy’s current pattern.
As first applied using the BIMA Survey of Nearby Galaxies CO observations
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(Helfer et al., 2003) of the grand-design Sb galaxy NGC 1068 (MRM; reviewed in
§2.2.1.1), the TWR method returned a spiral pattern speed solution that declines
with radius, allowing a winding time for the pattern to be estimated (e.g. MRM).
However, as described in MRM, the nature of the discretized calculation presents
numerical solutions which in general are highly susceptible to fluctuations as a result
of compounded noise in the data.
In this chapter (§ 2.2.2), we therefore develop the TWR method with regularization as a means of smoothing intrinsically noisy solutions as well as testing model
solutions of different radial dependence (described in § 2.2.2.1). These and other
commendations notwithstanding, with regularization one may risk introducing an
unrealistic prejudice to TWR solutions. In § 2.3.1, we address a means of identifying
when this is likely to occur, and in § 2.3.2 describe a scheme for minimizing such
regularization-induced bias.
Using evidence that arises from these considerations, as well as other a priori
information, theoretically and observationally motivated models for Ωp (r) can be developed which constrain the number and extent of patterns present in a disk. Once
solutions for these models are calculated, the goodness of each must be assessed in
order to identify the best-fit solution. In § 2.3.3, we outline the criteria with which
the models are judged and describe our concept of error evaluation in the final solutions.

2.2.1

The Radial Tremaine-Weinberg Method

By proceeding under the assumptions of Tremaine & Weinberg (1984), listed in
§ 1.2.3, but allowing that Ωp may possess spatial variation in the radial direction whereby the surface density of the chosen tracer can be written Σ(x, y, t) =
Σ(r, φ − Ωp (r)t), with appropriate mathematical generalizations, the derivation and
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measurement of the pattern speed Ωp (r) can be made from observable intensities and
kinematics of a chosen tracer.
Following the derivation given in MRM, integrating the continuity equation (1.3)
over x from −∞ to ∞ and y from y to ∞ yields
Z

∞

r=y

Z

π−arcsin(y/r)

φ=arcsin(y/r)

∂Σ
Ωp (r) rdrdφ +
∂φ

Z

∞

Σvy dx = 0.

(2.1)

−∞

A final integration with respect to φ results in a Volterra integral equation of the
first kind for Ωp (r):
Z

∞

r=y

′

′

{[Σ(x , y) − Σ(−x , y)]r} Ωp (r)dr =

where x′ (r, y) =

Z

∞

Σvy dx

(2.2)

−∞

p
r2 − y 2 . Note that with constant Ωp in equation (2.2), we arrive

at the regular TW result given by Equation 1.4.

For a galaxy projected onto the sky plane with inclination α (so to distinguish
from index i here), both the kernel on the left and the integral on the right of equation
(2.2) are observationally determined quantities with x = xobs , y = yobs / cos α, and
vy = vobs / sin α, where xobs and yobs are the coordinates in the plane of the sky along
the major and minor axes, respectively (see Figure 2.1), and vobs is the observed lineof-sight velocity. Solutions can be extracted numerically by replacing the integral
on the left with a discrete quadrature for different values of y = yi and r = rj (see
Figure 2.1) whereby equation (2.2) is converted to
Σrj >yi K(yi , rj )Ωp (rj ) = b(yi )

(2.3)

or to a matrix equation of the form:
Kij Ωj = bi

(2.4)
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Figure 2.1 Illustration of a y>0 quadrature for a galaxy viewed from the negative z
side with a tilt around the major axis y=0 by α=45◦ . The horizontal lines, or slices,
at positions yi are spaced
at ∆y=1.54, or ∆yobs =1.09, and represent integration
p
2
between the limits ± R0 + yi2 where R0 =10.8 is the maximum radial extent of the
quadrature. Each slice is carved into elements of width ∆r whereby all the elements
with the same shade of grey represent a single radial bin rj .

with K an upper triangular N × N square matrix. Note that numerical quadratures
on either side of the galaxy (y <0 or y >0) occur independently, providing two
measures of Ωp (r). Furthermore, as governed by the information available, the slices
which delimit the quadrature on a single side need not be uniformly spaced. In this
case, solutions inherit a variable bin width ∆r. Also, the calculation allows for no
azimuthal dependence for the pattern speed, which we assume throughout.
Since K is an upper triangular matrix, the Ωj can be solved for via simple
back-substitution. In this way, solutions are generated from the outermost to the
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Figure 2.2 (Left) Plot of <v> versus <x> for the BIMA SONG CO observations
of NGC 1068. The numbers indicate the distance yobs in arcseconds by which each
cut is offset from the galaxy’s major axis, and the dotted line joins adjacent cuts.
Reproduced from Figure 1 of Merrifield, Rand & Meidt (2006). (Right) Plot of the
weighted mean pattern speed as a function of distance from NGC 1068’s major axis.
Filled symbols are for positive y and open symbols show the corresponding values
for negative y. The scale conversion from arcseconds to kiloparsecs has been made
by adopting a distance to NGC 1068 of 14.4Mpc (Bland-Hawthorn et al. 1997).
Reproduced from Figure 2 of Merrifield, Rand & Meidt (2006).
innermost radius (from light gray to black in Figure 2.1) according to

Ωk =

bi −

PN

j>k

Kij Ωj

(2.5)

Kkk

with k ≥ i (from eq. 2.4).

2.2.1.1

Application to NGC 1068

This technique was first applied to the BIMA SONG (Helfer et al., 2003) map of
NGC 1068 by Merrifield, Rand & Meidt (2006), where it yielded a pattern speed
decreasing with radius (Figure 2.3; to be discussed below). TW estimates also modestly imply a winding behavior for the spiral pattern, as demonstrated in Figure
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Figure 2.3 Plot of the variation in pattern speed with radius for NGC 1068, as derived using the generalized Tremaine-Weinberg method. The panels show the results
obtained using increasingly finely-binned discretizations of the integral equation (7)
to form equation (8).

2.2. In the left panel there, adjacent slices plotted with <v> vs. <x> trace out a
characteristic figure-of-eight shape, suggesting that a single constant pattern speed
is not implied by all slices. Radial dependence in Ωp is perhaps more obvious upon
inspection of the weighted mean pattern speed at each slice (see the right panel of
Figure 2.2). But radial dependence gets smoothed out since Ωp for each slice is the
result of averaging over all sampled radii, as previously described.
TWR estimates, on the other hand, are capable of clearly displaying radial variation in Ωp (r). Figure 2.3 shows TWR solutions with four different radial binnings
(MRM; Figure 3), where the same radial trend is implied by all. In these solutions,
the inner and outer speeds show rough consistency with an independent resonancebased analysis by Schinnerer et al. (2000) who find that the inner bar, extending to
∼1 kpc, should have a speed of 140 km s−1 kpc−1 while an outer oval-shaped distor33
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tion extending to 8 kpc should have a speed of 20 km s−1 kpc−1 . Given this radial
behavior, we can estimate a 108 year winding timescale for the two-armed spiral,
according to τwind = 2π/(Ωp,max − Ωp,min ).

2.2.1.2

Practical Considerations

The size of K depends on the desired coarseness or fineness of the quadrature; the
separation between slices at positions yi (limited by either the resolution or the sampling of the data) translates into a radial bin width (modulo cos α) via equation
(2.4). The quadrature, perhaps more critically, depends on the limits of integration
in equation (2.2). These limits ±Xmax should be chosen based on where the integrals have converged. While in the case of a single bar pattern integrating past the
structure of interest is often suitable, as shown in Zimmer, Rand & McGraw (2004)
(Figures 9-11), in the presence of strong, extended asymmetry TW values are highly
dependent on the extent of integration along each slice i. In cases where multiple
patterns exist in a single disk, then, it is equally favorable (and hopefully sufficient)
to extend all integrals to the edge of the surface brightness distribution.
Meeting the requirement of integral convergence in this manner as applied to the
TWR calculation determines the location of the last radial bin jmax associated with
elements Kijmax along each slice. For a given radial bin width, with the requirement
that jmax equals N we are presented with the size of K as well as the outermost slice
position, since jmax must also equal imax . One should check to see that KN N , the last
entry in K associated with the outermost slice, is associated with a fully converged
R
Σxdx (which achieves convergence at least by the map boundary).

In general, solutions to equation 2.5 calculated with backsubstitution are espe-

cially susceptible to wildly oscillatory behavior as errors from large radii propagate
inward. These compounded errors arise from uncertainties in the velocities and in-
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Figure 2.4 Plots of (unregularized) TWR solutions for two different binnings of data
from the barred spiral simulation in § 3.3.2 with SA=-45◦ (see § 3.3.1 for orientation
convention). The left (right) panel shows the solution generated using ∆r=0.3 (0.9)
bins.

tensities (which get translated into the Kij ) and can be particularly severe since the
outermost bins often cover the lowest signal-to-noise regions in the data.
Though the initial application of the TWR method on a real galaxy, namely
NGC 1068 (MRM; §2.2.1.1), showed little of the oscillatory behavior common to
noisy, discretized Volterra-type solutions (outside r∼1.5 kpc, anyway), the solutions
were generated over relatively few bins (only five at most, over the region r=1.5 to
2.8 kpc). In general, while large bin widths can often minimize the propagation of
noise in the calculation, they can be expected to compromise solutions, as will be
discussed in the sections to follow; naturally, the smaller the quadrature element, the
more accurately the true radial variation of the pattern speed can be ascertained.
This is particularly critical as applied to disks sustaining multiple patterns where, as
described later, a certain degree of radial precision is required for accurate separation
of the pattern speeds.
Figure 2.4 shows an example of (unregularized) TWR solutions for two different
binnings using data from the barred spiral simulation of § 3.3.2. By increasing the bin
width the largest oscillations are reduced, but (as will become clearer) even tripling
the bin width will not necessarily limit the propagation of noise to the level required
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for the extraction of realistic solutions. (A more thorough discussion of the implications for TWR solutions will be deferred until the beginning of § 3.3.2.) The errors
thus introduced can be systematic.
Barring a large, limiting resolution, one should expect to be able to perform a
sufficiently smooth quadrature wherein the number of elements in K becomes large.
Since more elements in K (and more bins over which to generate solutions) result in
intrinsically noisy behavior–an effect most pronounced in the inner-most bins–gaining
a finer, more accurate quadrature often means forfeiting control of the solution. By
combining regularization with the TWR calculation to force a smooth solution, however, one can counter this effect while maintaining the required precision.
Regularization also serves to alleviate the impact of non-global features that are
most likely not included in the overall pattern (and which can singularly introduce
large errors into the integrals). Since rapid fluctuations in Ωp (r) are penalized, discrepant points need not be avoided or ignored (as demanded in performing the TWR
calculation on NGC 1068 in MRM). While one may also use the alternative, which
would be to fit models of Ωp directly to equation (2.4) and perform a grid-search to
find the best model form and coefficients, we pursue regularization here, its speed
making it preferred.

2.2.2

The TWR Method with Regularization

Our procedure entails the following. As a modification to the χ2 estimator minimized
by solutions Ωj of equation (2.4), namely
|Kij Ωj − bi |2
σi2

(2.6)

with implicit sum over i (and j) and errors σi representing the measurement error of
the ith data point bi , we introduce a regularizing operator, or smoothing functional
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S, containing a priori information in the manner of Tikhonov-Miller regularization
(Tikhonov & Arsenin 1997; Miller 1970) in which (in matrix form) solutions Ω
minimize
|K̄ · Ω − b̄|2 + λΩ · S · Ω.

(2.7)

Here, the elements of K̄ and b̄ are Kij /σi and bi /σi , respectively, and the role of
λ–controlling the relative amount of χ2 minimization on the left to entropy maximization on the right–is explicit.
Reduced to a linear set of normal equations, this minimization returns smoothed
solutions according to a modified version of equation (2.4):
(K̄T · K̄ + λS) · Ω = K̄T · b̄

(2.8)

Note that the regularizing functional, not necessarily upper triangular, introduces an
anticipatory quality to solutions Ωj whereby all bins at the same radius are coupled.
Furthermore, solving for components Ωj no longer only involves a procedure like
back-substitution, but requires rather an L-U decomposition (for instance) as well.

2.2.2.1

The Smoothing Operator

The real power in applying regularization to TWR calculations is in the freedom to
choose how the smoothness of solutions is achieved. For the purposes of distinguishing between different possible radial dependences for Ω(r), we choose S to reflect a
priori assumptions based on simple expectations from theory and observation. Model
solutions, then, each incorporating its own S, represent smoothed, testable realizations of the pattern speed. These we restrict to simple forms in order to minimize
the additional amount of information to be extracted from the data relative to the
traditional TW method.
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For polynomial solutions, we consider only constant, linear and quadratic radial
dependence. The elements of the smoothing S are associated with the minimization
of the nth derivative of Ω(r) for each polynomial solution of order n. For instance,
for linear solutions this entails minimizing

Ω·S·Ω=

N
−2
X
n=1

| − Ωn + 2Ωn+1 − Ωn+2 |2

(2.9)
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One may also choose a form for S that identifies two or more distinct regions of
independent radial behavior by invoking a step-function model. For the case of a
barred spiral with a constant bar and quadratic spiral, for instance, this corresponds
to minimizing

Ω·S·Ω=


t−1
X



|Ωn + Ωn+1 |2




 n=1

for n<t
(2.11)



N
−3

X



| − Ωn + 3Ωn+1 − 3Ωn+2 + Ωn+3 |2 for n≥t.


n=t
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The elements of S with n < t reflect the a priori assumption that the bar pattern
speed is constant, while those for n > t associate a quadratically varying pattern
speed with the spiral. The index t, a free parameter, locates the radial bin where
the transition between the two patterns occurs. Obviously, the number of available
bins constrains the order of the polynomial in a given radial zone.
Once we have chosen S, we initially choose λ to reflect comparable amounts of χ2
o
n
T
minimization and regularization by letting λ = λ0 = T r K̄ · K̄ /T r {S}. Since

we are in the business of generating solutions based on particular models, λ is modified to arrive at the regularization required to return solutions of a given type. This
modification generally consists of an increase in λ over λ0 . Consider how the regularizing parameter λ regulates the degree of smoothness of the solution to the weight
placed on the data: with λ=0, equation (2.7) corresponds to χ2 minimization (and

becomes an unbiased estimator with the smallest variance), however yielding highly
oscillatory solutions, while λ→∞ corresponds to a maximally smooth estimator with
non-vanishing variance.
Fitting data sets with different spatial coverage will change the effect of λ on the
solution (e.g. larger bins require less regularization). The most appropriate choice
for λ (and S) should be made on a galaxy-by-galaxy basis, according to the quality
of information to be extracted from observations.

2.3
2.3.1

Other Considerations
Regularization-induced Bias

By imposing assumptions about the smoothness of the pattern speed, regularization
inevitably introduces complications for extracting realistic solutions. To understand
how these arise, consider the solution for a barred spiral galaxy. The nature of the
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calculation (from out to in) has implications for the accuracy of the bar estimates, in
particular. Not only do the Ωj for bins covering the bar rely on the greatest number
of matrix elements (and errors therein), but the bar estimate depends critically on
the solution for the spiral and all outer bins via equation (2.5). Consequently, merely
requiring the pattern speed in the outer bins to be constant with regularization out
to the edge of the surface density (for instance)–effectively removing fluctuations
that might better fit the data–will have consequences for the bar solutions. So while
the regularization is particularly fast and effective for tests for the radial behavior of
patterns, it can also hinder the realization of accurate solutions.
For the simulations studied in Chapter 3, the risk of regularization-induced bias
is inherited from the adopted quadrature. Recall our requirement that all slices
cover the full extent of the ‘emission’–so as to insure all integrals be fully converged–
and relatedly, that the last matrix element governs the outermost slice position. In
the barred spiral simulation of § 3.3.2, for example, such an extensive quadrature
presents us with outermost slices that pass through a region where there is simply no
discernible pattern (as indicated by the surface brightness distribution and its Fourier
decomposition; see next section). While these slices themselves do not provide direct
estimates of the patterns of interest, the corresponding bin values are necessary for
calculating the bar and spiral solutions. Moreover, the quality of these solutions will
be intimately related to the treatment of the outermost bins. We therefore find that
identifying, and reducing the influence of, the compromised zone by not enforcing
regularization on these bins to be essential for accurate pattern speed measurement.

2.3.2

Fourier Diagnostics

With the above concerns in mind, we have tested and used the following scheme.
Given slices that pass through an outer region which either contains little information from a strong pattern, is suspected of sustaining multiple patterns, or displays
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only faint emission, we choose in such a case to let the values in the outermost bins
be calculated without regularization with the restriction, only, that they minimize
the χ2 . Once a particular bin–at rc , the cut radius–has been reached, regularization
is imposed with all remaining inward bins generated accordingly.
In our procedure this corresponds to using an S indexed by the cut bin c that
is lowest-block zero. And the ‘cut’ radius identifies the location in the disk where
the outermost discernible pattern ends. Note that this is in contrast to altogether
ignoring the outer portion of the disk. We prefer this procedure for two reasons: 1)
as qualified later in § 3.3.2.2, when each integral is truncated within the disk, the
quadrature is at greater risk of ignoring information critical for characterizing the
patterns uniformly throughout the disk and 2) like the transition radius rt , we can
easily incorporate rc as a free, though restricted, parameter in our models.
In practice, extracting the bar and spiral pattern speeds for the simulated barred
spiral in § 3.3.2 involves generating a group of solutions with various bar-to-spiral
pattern transition radii for a given ‘cut’ location. Throughout the analysis, we choose
the cut radius to reflect a priori knowledge of the outermost measurable pattern’s
termination radius estimated from the surface brightness and its Fourier decomposition. When referred to, the power in each Fourier component, or mode m, is given
by the norm of the complex Fourier amplitude

Ii =

N
X

eimθn

(2.12)

n=1

where θn is the angular coordinate of each of the N particles at each measured radius.
For the barred spiral in § 3.3.2, for example, we combine evidence from the surface
density–where beyond the bar there is enhanced spiral surface density from only a
limited radial zone–with the Fourier spectrum to identify a region in the disk outside
the spiral which is susceptible to regularization-induced bias. Specifically, the Fourier
power spectrum (Figure 3.2) shows that at r∼5.0 the second clean hump in m=2
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power decreases to almost zero, marking the end of the spiral. Past this radius, the
(strong) m=2 component (between r∼6.0-8.0) is not associated with visible spiral
structure (see Figure 3.1). Reckoning this outer zone to be incompatible with a
simple pattern speed model, then, we consider only the inward bar and primary
spiral pattern speeds to be measurable with regularization. Figure 19 of Debattista
et al. (2006) for this simulation (Figure 3.3 in this thesis) confirms this; not only
does the spiral pattern terminate at rc ∼5.0, but beyond this radius the pattern
speed is multi-valued (this, of course, would be indiscernible in a real galaxy). In
this case, imposing form with regularization on bins of suspect quality and behavior
outside the spiral will likely impair the solution of interest. We therefore restrict
the cut bin for the barred spiral simulation to 4.5<rc <6.0, representative of where
the primary spiral pattern terminates in the disk. As mentioned in § 3.3.2, this

step is substantiated by our finding that a cut radius of rc =4.8 is one of several χ2

minima given a range of possible cut radii. And furthermore, solutions generated in
this manner are judged to overall provide a considerably better fit to the data than
solutions where regularization is imposed out to the edge of the surface brightness
(according to the scheme described in the next section).

2.3.3

Weighting Schemes and Goodness-of-Fit

Given the data, we simultaneously generate model solutions with different radial
dependences for direct comparison for each side (y>0 or y<0) independently. We
then average the two like-model solutions together to construct a global solution.
(In those instances when model solutions include a cut bin, the averaging occurs
over the regularized part of the solutions only, in order to maintain the ‘unbiased’
quality of the unregularized part of the solutions for each side of the galaxy.) Note
that while the assumption that the patterns are indeed global is not overly inspired
for the simulated galaxies studied in Chapter 3, putting this into practice on a real
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galaxy requires that the assumed galaxy kinematic parameters are accurate and that
such symmetry exists.
With each global model solution we generate a complete set of <v> using equation
(2.4). We then judge each model through the χ2ν (χ2 per degree of freedom) goodnessR
of-fit estimator of the reproduced to actual <v>i = bi /( Σdx)i given measurement
errors σi<v> , in keeping with the standard TW analysis. Note that with this choice
R
the σi in equation (2.6) are related to the errors σi<v> by ( Σdx)i . That is, the

calculation fits to the bi given errors σi while our χ2 estimator considers the differences
from <v>i given errors σi<v> .
While for a real galaxy inaccuracies in the assumed position angle (PA) have the
largest potential for introducing errors into <v>i , we prefer that the measurement
errors σ <v> reflect random noise in the data, only. (Systematic errors prove more
practically assessed through direct tests of the sensitivity of the results to departures
from the nominal values for the PA or inclination, for instance.) For the simulations
studied in Chapter 3, then, we obtain errors σi<v> under the assumption that the
inverse mirror image of each <v>i on one side of the galaxy should be the same as on

the other side (i.e. the patterns are symmetric). We then assign a global error σ <v>

P
2N
<v>
<v>
/2N (and N is the number of bins/slices used
to each slice where σ
=
i=1 σi
in the TWR calculation on a single side).

In practice, the simplest χ2 weighting schemes are either uniform weighting for
all slices or weighting by the intensity, which should give more weight to slices where
the signal is strongest. We have chosen the former since we are interested in Ωp
over a broad radial range, and prefer that our result is not dominated by just the
slices with the highest signals (which can vary dramatically). Furthermore, the
choice of assigning an identical error σ <v> to each slice carries with it an implicit
weighting scheme for equation (2.7). For an exponential surface brightness profile,
R
for example, slices on either side of the galaxy will have progressively smaller Σdx
R
as |yi | increases. This corresponds to errors σi proportional to Σdx, then, that
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grow larger from out to in. Since in most cases the uniform weighting scheme will
be in actuality most restrictive of the outer bins–the goodness of which will affect
the solution inward–this choice is particularly well suited for the TWR calculation.
Given our choice of weighting scheme, there are two important considerations
which demand that we calculate the χ2 over all slices. First, the inner-most bins
contribute to the <v> in only the inner most slices and hence contribute relatively
negligibly to the χ2 , despite possibly larger weights Kij (reflective in part of a surface
brightness that is centrally peaked, say) than bins at larger radius. This is especially
true when an inner pattern appears only over a small fraction of the total bins,
and the reproduced <v> of even those slices that pass directly through the inner
pattern still rely (perhaps predominantly) on the solution out to the largest radial
bin. However, since the goodness of the inner bins is directly related to the goodness
of the bins at larger radii, by considering all slices we more effectively judge the
whole solution.
Secondly, in cases when some number of outermost bins are calculated without
regularization, it is critical to account for the (largely positive) effect that these
bins have on the solution inward, especially from model to model. In our current
scheme, the values of the ‘unregularized’ bins are not quite identical to those in
the completely unregularized solution since the quantity that they minimize still
includes participation from non-zero elements in the smoothing functional S and
what is currently a model-dependent λ. That is, slight variation in the values of
the ‘unregularized’ bins from model to model is apparent, and we cannot ignore the
minor differences this introduces to the regularized part of the solution. Though this
is a minor effect, by considering the <v> of all slices in the χ2 we prevent solutionpreference based on the ‘unregularized’ bins (which act essentially as stand-ins) from
being introduced.
The first consideration above also prevents us from calculating judicious error
bars on the solutions according to the variation of individual model parameters over a
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typical χ2 confidence interval; in practice, the value of an inner pattern with minimal
radial extent can change considerably with little effect on the χ2 . Indeed, we find
that the errors generated according to such a prescription are unrepresentative of the
goodness of the solutions as returned by the calculation.
In § 3.3.2.1, we describe the dependence of both inner and outer speeds on the
location assigned to the transition between the two. An obvious progression for
future applications of the TWR method would be an exploration of the covariance
of what we consider here, to first order, ‘free parameters’, especially for the purposes
of improved error estimation. Presently, however, we construct error bars for model
solutions by considering the range of parameters in the best solutions at different
assumed projections. As will pertain to the following chapter, by considering an
overall solution in this manner we can fairly account for the uncertainty introduced
for real galaxies by the reality that each can be sampled at only a single PA.
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Chapter 3
Tests of the Radial Tremaine
Weinberg Method

3.1

Chapter Overview

This chapter describes tests of the regularized TWR method on a suite of simulated galaxy data sets. The regularization, introduced in Chapter 2, is employed
as a means of smoothing intrinsically noisy solutions, as well as for testing model
solutions of different radial dependence (e.g. constant, linear or quadratic). We
test these facilities in detailed studies of each simulation, and demonstrate successful
measurement of both bar and spiral pattern speeds in a single disk, secondary bar
pattern speeds, and spiral winding (in the first application of a TW calculation to a
spiral simulation). We also explore the major sources of error in the calculation and
find uncertainty in the major axis position angle most dominant. In all cases, the
method is able to extract pattern speed solutions where discernible patterns exist
to within 20% of the known values, suggesting that the TWR method should be a
valuable tool in the area of galactic dynamics. For utility, we also discuss the caveats
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in, and compile a prescription for, applications to real galaxies.

This chapter is reproduced from the published manuscript, “Tests of the Radial
Tremaine-Weinberg Method”, Meidt, S. E., Rand, R. J., Merrifield, M. R., Debattista, V. P. & Shen, J. 2008, ApJ, 676, 899.

3.2

Introduction

In order to develop a general stratagem for the application of the regularized TWR
method (MRM and Meidt et al. 2008a; see Chapter 2) to real galaxies–as well as
assess the limitations and sensitivities of the method–here we analyze three simulated
galaxies with known pattern speeds (a barred spiral, a slowly winding spiral, and a
double barred spiral, marking the first application of the TW method to simulated
spiral patterns). As applied to these simulations, we find that the TWR method is
able to extract multiple pattern speeds with accuracies on the order of (and, as we will
see in some cases, better than) the traditional TW method. With the barred spiral
simulation in § 3.3.2 we show that TWR bar pattern speed measurement presents an
improvement over traditional TW bar estimates, particularly when there is evidence
of a significant contribution from the spiral pattern to the TW integrals. We find that
the regularized TWR method can recover information from both patterns effectively
by identifying and treating the bar-to-spiral transition radius (which the TW values
themselves may not indicate) as a free parameter in the calculation. In § 3.3.2.1, we
analyze the results of the method in detail, particularly with regard to morphological
limitations. We compare our TWR results with TW estimates in § 3.3.2.2 and
examine the influence of systematic errors due to the assumed disk position angle
and inclination (shown to be crucial for TW estimates in Debattista 2003) on both
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in § 3.3.2.3. We also explore the reliability of a fixed parameterization for the barto-spiral transition radius. (§ 3.3.2.4).
Beginning in § 3.3.3, we investigate the prospects for extracting spiral pattern
speed solutions that are winding in nature, marking the first application of the
TW method to a spiral simulation, and in § 3.3.4 we address the use of the TWR
method for the purposes of parameterizing an independently rotating nuclear bar in
a double barred simulation. There, the techniques we employ for decoupling and
extracting measurements of the pattern speeds of both the primary and secondary
bar components may present an interesting corollary to recent attempts with the TW
method to measure secondary bar pattern speeds in the presence of a strong primary
bar pattern. We note here that the TWR method is a generalized version of the
procedure used on NGC 2950 (see Corsini et al. 2003; Maciejewski 2006); separating
the surface brightness into two components can be thought of as the coarsest version
of the discretization that is the back-bone of numerical TWR solutions.
Based on our experience with these simulations, we conclude with comments on
the applicability of the method to observations of real galaxies in § 3.4.1 where we
also outline a general prescription for using the TWR calculation with regularization.

3.3

Tests of the TWR Method on Simulations

In order to establish guidelines for applying the regularized calculation to observations of real galaxies, in the following sections we perform tests of the method on
simulations with known pattern speeds. Each case invokes unique models for Ωp (r)
which we motivate and discuss in detail. The procedure for engaging the method
with maximum accuracy then follows from careful examination of the quality of solutions given the available information. Though quite detailed, these individual studies
together constrain general scenarios and practices to extrapolate onto observations
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of similarly structured, real galaxies.

3.3.1

N-body Systems

We use three simulations in this study. The first, which we refer to here as simulation
I, constitutes a barred galaxy with spiral structure. Originally presented in Debattista et al. (2006) (hereafter D06) where it is referred to as run L2.t12, it consists of
a live disk (where each particle has a full three degrees of freedom) immersed in a
rigid halo. A complete description of the model parameters are contained in D06.
The second (spiral) simulation, which we refer to here as simulation II, is unpublished. It was designed with the main aim of generating strong spiral structure
using the groove mode mechanism of Sellwood & Lin (1989) and Sellwood & Kahn
(1991) in which dynamical instability develops from a ’groove’, or narrow feature, in
the phase-space density at a particular angular momentum. A trailing spiral wave
is generated, and at the Lindblad Resonances of the wave, further grooves develop
such that the instability is recurrent. Like simulation I, it consists of a rigid halo and
live disk, but also includes a live bulge component. The bulge constitutes 25% of
the baryonic mass and is sufficiently concentrated that a bar is very slow in forming.
The disk has Toomre-Q = 1.2 (where Q is defined as in 1.1); in order that a strong
spiral was seeded, ∼ 6% of disk particles in a narrow angular momentum range were
removed leaving 4×106 -169480 particles including the bulge. The result, as can be

seen in Figure 3.9, is the formation of a strong but transient spiral.
The last simulation in this chapter, simulation III, is a double-barred galaxy
generated using the method of Debattista & Shen (2007). This high-resolution simulation consists of live disk and bulge components in a rigid halo potential. The
model has ∼ 4.8 million equal mass particles, with ∼ 4 million in the disk and ∼ 0.8
million in the bulge such that the bulge has mass Mb = 0.2Md , where Md is the disk
mass. The initial Toomre-Q of the disk is ≃ 2. The formation of the secondary bar
49

Chapter 3. Tests of the Radial Tremaine Weinberg Method
is induced by making the bulge rotate (to mimic a pseudobulge). More details of the
simulation can be found in Shen & Debattista (2007) where it is referred to as run
D.
As in D06, all lengths and velocities are here presented in natural units (where
the gravitational constant, and the simulated disk mass and scalength are unity, and
the unit of time is (Rd3 /GMd )( 1/2)). We analyze a snapshot of each simulation at
a single time step with the disk in the xy plane. By rotating the system about
the z axis we assign a line-of-sight direction to establish the kinematical major axis.
Another rotation about the x axis gives the system an inclination α (chosen throughout at α=45◦ , unless otherwise specified). The snapshot is then projected onto the
sky-plane where xobs =x and yobs =y cos α. For a given slice spacing, the slices along
which the calculations occur are aligned perpendicular to the line-of-sight direction
(parallel to the kinematical major axis). The orientation of these slices, which is
identical to the disk PA in a real observation, is designated uniquely the slice angle
(SA) in the studies that follow.

3.3.2

Simulation I: Barred Spiral Galaxy

The bar and spiral structure in this simulation, first presented in D06, is featured
out to r∼5.0, clear in the surface density (Figure 3.1) and its Fourier decomposition (Figure 3.2). Beyond r∼5.0, the Fourier decomposition indicates the possible
presence of a third pattern. With step-models for Ωp (r), then, we might reasonably
extract pattern speeds for three distinct structures. However, the m=2 mode between 5.0<r<8.0 is not associated with a strong surface density enhancement. And
as remarked upon in § 2.3.2, Figure 19 in D06 reproduced here in Figure 3.3 shows
that the pattern in this radial zone is maintained by multiple distinct pattern speeds.
(Note that a real galaxy would not be disposed to the analysis provided with this
type of plot. It is available for this simulation, only, and we include it here for the
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Figure 3.1 Face-on display of the barred spiral simulation’s surface brightness distribution projected with a -30◦ rotation about the z axis. For reference, the alignment
of the TWR quadrature for a frame at this orientation is designated SA=+60◦ .

sake of comparison). In a clear account of regularization-induced bias, test solutions
based on a three-pattern speed model have considerably larger χ2 than those parameterizing a bar and single spiral. We therefore reject models with a third pattern
speed and use our ‘cut’ scheme where solutions are generated without regularization
up to a cut radius rc which parameterizes the end of the primary spiral pattern.
The actual pattern speeds of the bar and spiral structure to be reproduced by
our solutions are Ωb =0.29 for the bar, and a constant Ωs =0.18 for the spiral, as
estimated from Figure 3.3 (from which we also estimate a bar-to-spiral pattern transition radius r∼2.5). In our models of Ωp (r), we express the a priori assumption
that the bar pattern speed is constant by using an S like that in equation (2.11) but
where, for n > t, S is reflective of either a constant, linear, or quadratically varying
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Figure 3.2 Fourier power spectrum of the barred spiral simulation’s surface brightness
distribution shown in Figure 3.1. Modes up to m = 4 are plotted as a function of
radius with lines for m = 1 in dot, m = 2 in solid, m = 3 in dash-dot-dot, and m = 4
in dash.

Figure 3.3 Contours of the barred spiral simulation’s m=2 Fourier mode showing
a bar pattern speed Ωb =0.29, a bar-to-spiral transition of rt ∼2.5, and a dominant
spiral pattern speed Ωs =0.18 out to r∼4.5-5.5 beyond which multiple spiral modes
exist.
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Figure 3.4 The best-fit regularized TWR solution and error bars for the barred spiral
simulation, averaged over six SAs. The bar Ωb =0.31±0.02 and spiral Ωs =0.17±0.03
are shown as solid lines with dashed errors. Errors in the bar-to-spiral transition
rt =2.6±0.28 and spiral termination radius rc =5.38±0.54 are represented by horizontal error bars at the top.

spiral pattern speed. Solutions with spirals of order 0, 1, and 2, then, have a total
of 4, 5, and 6 degrees of freedom, respectively. The free parameter t we restrict for
all models such that 1.8<rt <3.0, according to bar-length estimates from Figure 3.1
(aB ∼2.2) and Figure 3.2.
For ∆r=0.3 bins, we require a total of 71 slices (35 on each side) to reach the
edge of the surface brightness at r∼10.5. This places the cut bin between 15<c<20,
according to the previously motivated restriction 4.5<rc <6.0 estimated from Figures
3.1 and 3.2. In light of the discussion in § 2.3.3, we construct errors for our estimates
to reflect the expected accuracy of TWR bar and spiral solutions given a particular
observational scenario. Specifically, we perform the calculation for a range of SAs
spanning the upper half-plane of the galaxy (quadrants I and II), namely ±15◦ , ±45◦ ,
and ±75◦ . Each SA corresponds to a unique disk PA. The resultant bar and spiral
estimates generated using the ∆r=0.3 bin width (to be discussed at length in the
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following sections) are listed in Table 3.1 and the average and rms of the best-fit
solutions for this SA range are shown in Figure 3.4. There, horizontal error bars
represent the dispersion in rt and rc in the solutions based on variations from SA to
SA for the ∆r=0.3 radial bin width.
Rewardingly, the best-fit solutions are quite accurate; the comprehensive spiral
and bar estimates in Figure 3.4 are 6.7% and 8.3% from their actual values (with
∼8% error in Ωb but a slightly larger error of ∼18% in Ωs ). So, too, are the determinations of rt and rc , according to Figures 3.2 and 3.3. Furthermore, our solutions
correctly reproduce the functional form of the spiral pattern speed. At all SAs, out
of all solutions with rt and rc within their restricted ranges, the lowest reduced χ2
solution corresponds to a constant spiral. Figure 3.5 shows a comparison between
the actual and best-reproduced <v> at each slice position yi used in the calculation for the 15◦ slice angle. The <v> reproduced by the best-fit constant bar and
constant spiral solutions are shown in the left panel, while those from the optimum
(lowest-χ2ν ) solution with a quadratic spiral are plotted in the right.
The close reproduction of the actual pattern speeds by the solutions in Figure 3.4
occasions further evaluation of strictly unregularized TWR calculations. Consider
the values in radial bins inside r∼2.0 in typical unregularized solutions for this simulation (Figure 2.4). That there is little to no indication of Ωb =0.29 in the left plot is
perhaps not surprising: the large number of bins which accompany the choice of the
small bin width would seem to guarantee a high level of noise propagated throughout
the solution. However, in the slightly more stable solution with the wider bin width,
the inner bins are still unrepresentative of the actual pattern speed in this zone. We
can understand this as a systematic error introduced by the noise which not only
propagates but also compounds as the full solution assembles from the outermost to
the innermost radius; Ωp (r) in a given bin reflects errors from all exterior radial bins
making the value in that bin more likely far removed from the actual value.
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Figure 3.5 Comparison of model
solution-reproduced (closed circles) to actual (open
R
circles) integrals <v>i =bi / Σdx as a function of slice position y for the barred
spiral simulation for a). the best-fit constant Ωb , constant Ωs solution, with rt =2.4
and rc =4.5 and b). constant Ωb , quadratic Ωs solution with rt =2.7 and rc =5.4 for
SA=15◦ . Only those slices which show a contribution from bins inward of rc are
shown. The adopted global error σ <v> is shown in the upper right.
3.3.2.1

Morphology-dependent Effects and Intrinsic Limitations

The use of simulations which can be studied at multiple projections provides us with
perhaps the most critical assessment for the accuracy of TWR solutions. Figure 3.4
Table 3.1 TWR estimates for Simulation I.
SA
75◦
45◦
15◦
-15◦
-45◦
-75◦
-

Ωb
0.325
0.327
0.343
0.269
0.313
0.303
0.29

Ωs
rt
rc
0.149 3.0 5.7
0.111 2.4 4.8
0.184 2.4 4.5
0.172 2.7 4.8
0.199 3.0 5.4
0.203 2.4 6.0
0.18 2.5 5.0

Note. — TWR bar and spiral pattern speeds from the barred spiral simulation listed
here are estimated with TWR solutions calculated using a ∆r=0.3 bin width for a range
of SAs. The third and fourth columns list the connate estimates for rt and rc . Values for
the actual pattern speeds are shown in the last row.
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suggests that the TWR method should perform well for any given viewing angle.
However, though still quite small, the rms in each estimate is largely reflective of the
non-trivial effect that the orientation of the pattern with respect to the slice angle
used in the calculation can have on solutions.
We can understand the origin of the differences in solutions for the range of SAs in
Table 3.1 by considering the impact of the limited azimuthal range of the bright spiral enhancement (clear from the surface brightness distribution in Figure 3.1 where
the spiral extends almost perpendicular to the bar major axis). That is, at all slice
angles the quadrature accumulates fragmentary information from the spiral since
only some of the slices that cross the full radial zone of the spiral pattern intersect
the strong spiral structure. But whereas both the bar and spiral estimates seem to
suffer at SAs in quadrant II (i.e. positive SAs), our measurements of Ωs in quadrant
I are quite accurate. According to the morphology, in quadrant II it appears that
the limited sampling of the spiral asymmetry implicit in slices other than those that
also pass through the bar entails slightly less accurate spiral estimation.
To interpret the distinction between solutions from the two quadrants, consider
the combined influence of regularization and our chosen weighting scheme. Specifically, since the regularizing S induces the coupling of all bins within the same radial
zone, even when the spiral-zone crossing slices do not intersect the strong spiral enhancement, the bins there inherit information from bins at the same radius from
slices which do intersect the arms. According to our weighting scheme, however, this
coupling is not uniform; the degree of support at each azimuth is influenced by the
measurement errors for each slice which grow larger from out to in. As a result, Ωs
is best constrained by information from slices passing through the outer radial zone
of the spiral alone (not those passing through the bar). So when in quadrant II the
spiral asymmetry appears in only the inner slices, Ωs is less precise then when these
outer slices clearly intersect the spiral arms. According to equation (2.5), since the
bar estimate is directly related to that of the spiral, the result for these SAs is error
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in both Ωs and Ωb .
The corresponding determination for the radial domain of the bar pattern, on
the other hand, is not as obviously sensitive to this issue. Not only is the bar-end
reasonably well defined in both quadrants, but information from the bar which contributes to the parameterization of rt is reinforced with regularization in the manner
described above. The spiral termination radius, too, seems fairly consistent from SA
to SA. But since the asymmetry is weaker (and there is less information) at that location in the disk, we find that this parameter requires the most restriction (indeed,
our determinations of rc completely span the allowed range).
Overall, then, our determinations for rt and rc are stable and accurate, each with
less than 11% error, even in quadrant II. Nevertheless, since the pattern speed estimates from SAs in quadrant I seem to comparatively benefit from the high quality
of information from both patterns, we conclude that position angles which provide
the most uniform slice coverage of all patterns in the disk are preferred.
The largest disparity between step-model solutions from various slice angles can
largely be attributed to limitations in determining the location of the transition between the two patterns. That is, solutions are affected by the finite bin width inherent
to the numerical calculation; slight incompatibility between the actual transition and
that to which the solution is limited (given the bin width) can result in errors around
10%. This is a more pervasive effect than morphology alone and more obvious with
the use of a slightly larger bin width than ∆r=0.3. Nonetheless, we can make several
informed inferences about the result of the finite bin width by considering the nature
of the TWR calculation. Specifically, since the transition determines the contributions of inner and outer patterns to the integral on the right hand side of equations
(1.4) and (2.4) through the matrix elements Kij , a mismatch between the transition
bin and the actual transition radius will corrupt the separation of the contributions
of the two patterns. Note that this is precisely the source of the covariance between
model parameters intimated in § 2.3.3.
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To understand the effects of (minor) radial pattern misassignment, consider a
step-function solution that parameterizes the extent of a bar pattern speed along
with that of a spiral. When the transition bin between the two patterns underestimates the actual transition by a fraction of the bin width, for instance, we would
expect the numerical calculation to effectively subtract off from bi a contribution
from the (lower) outer pattern where a higher pattern actually exists (e.g. eq.[2.5]),
slightly raising the value of the inner pattern speed. Conversely, we expect an overestimation of the transition to result in a slightly lower inner pattern speed. More
subtle effects can occur, however, depending on the geometry of the patterns, as
illustrated for this simulation in § 3.3.2.4.
For a range of SAs, we emphasize that the resultant errors–in possible combination with an undersampled transition–are minimal, as long as the bin size is sufficiently small, and are not the result of vastly different transitions for each SA; we
find that the transition between patterns in the best solutions is generally relatively
stable with changes in slice angle. This may be unexpected from the perspective
of the traditional TW method since the projected length presented to the slices by
the bar will depend on the relative orientation of the slices with its major axis (and
slice-orientation errors tend to be large, as detailed next for this simulation).

3.3.2.2

TWR vs. TW

In light of the above results, we next examine the improvements available to pattern
speed estimation using the TWR calculation relative to the TW method. We specifically compare the bar pattern speed estimates arrived at using the TWR method
with those using fully extended TW integrals. Though TW estimates of Ωb in the
presence of a secondary structure may also be attempted using truncated integrals
that extend to just past the end of the bar (such that information from the bar alone
is dominant), we examine the former case for two reasons: 1) to compare the two
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Figure 3.6 Plot of <v> vs. <x> for all slices with |y| <5.1 for the barred spiral
simulation at SA=-45◦ . The dashed line is the best-fit straight line to the inner
eleven slices (stars), while the dotted line is the best-fit straight line to all slices
shown (stars and x’s).

methods under identical conditions (i.e. using the same data points <v>i ) and 2)
to study the influence of the relatively weak spiral (and evaluate the assumption of
negligible non-axisymmetric motions beyond the bar). Though we use fully extended
integrals to perform the TW calculation–even when making estimates of the bar pattern speed–the innermost slices clearly supply evidence for a bar pattern speed that
is distinct from that of the other structure in the disk. Figure 3.6 shows a typical
plot of <v> vs. <x> for this simulation where the inner eleven slices are indeed
best fit by a steeper slope than for all slices.
For all of the other SAs studied in the previous section, we measure Ωp with a
unique number of bar-crossing slices. This is intended to reproduce an optimal TW
observing strategy that makes use of only those slices that intersect the enhanced
bar surface density. That is, since the projected length presented to the slices by the
strong bar structure depends on the relative orientation of slices with the major axis
of the bar, the number of slices that intersect the bar enhancement varies from SA to
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Table 3.2 Optimal TW bar estimates for Simulation I.
SA N slices
75◦
7
45◦
11
15◦
17
-15◦
15
-45◦
11
◦
-75
9

Ωp
0.270
0.282
0.208
0.248
0.294
0.233

σ
±0.010
±0.062
±0.007
±0.026
±0.008
±0.053

Note. — All entries originate through the use of an optimal number of slices spaced at
∆y=0.3. The number of slices N used in the TW calculation are indicated.

SA (from seven to 17 for this simulation at the six studied SAs). Table 3.2 lists this
optimal number of slices N at each SA along with the corresponding pattern speed
estimate. All entries in the table correspond to slopes of best-fit straight lines (and
the corresponding intrinsic scatter) in plots of <v> vs. <x>. Upon inspection, Table
3.2 seems to suggest that even in the presence of the spiral asymmetry information
from the bar is maximal in the bar-crossing TW integrals. Despite also reflecting a
contribution from the spiral pattern, these bar estimates are fairly accurate (though
presumably not as accurate as would be the case for a strictly SB0 galaxy such as
NGC 7079). However, as in Table 3.3, if we extend the slice coverage at each SA out
to |y|∼2.4 using the inner 17 slices (at ∆y=0.3 spacing)– closer to the full extent of
the radial zone of the bar pattern, according to Figure 3.4–then the quality of the
TW estimates diminishes with the inner, bar pattern speed estimates approaching
that from a fit to all slices with |y| <5.1; even the true bar-crossing slices contain
non-negligible information from the spiral pattern.
Unlike the TW method, the TWR method is not relegated to the use of only those
slices where the bar contribution is maximized. In principle, the inner solutions are
accessible through the very use of information from beyond the bar (namely from
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Table 3.3 Traditional TW estimates for Simulation I.
SA
75◦
45◦
15◦
-15◦
-45◦
-75◦

inner
Ωp
0.234
0.217
0.208
0.216
0.278
0.175

17 slices
σ
±0.004
±0.045
±0.007
±0.016
±0.009
±0.010

all slices
Ωp
σ
0.115 ±0.008
0.094 ±0.018
0.157 ±0.009
0.121 ±0.007
0.166 ±0.009
0.128 ±0.010

Note. — As in Table 3.2, the TW estimates for this SA range are generated with slices
spaced at ∆y=0.3. Here, the second column lists the estimates Ωp along with errors σ
using the inner seventeen slices, respectively, while the last column is from a fit to all slices
with |y|≤5.0, out to the inferred spiral-end.

the zone of the spiral), and are improved when this information is radially coupled
(e.g. by regularization). This aspect of the calculation allows for the return of pattern speed solutions without reference to an assumed pattern extent, and provides,
moreover, an independent means of determining the radial domain of patterns.
Of course, this is not to imply that a deficiency of usable slices in TW estimates
prevents accurate pattern speed measurement, or determination of pattern extent,
for that matter; using slices that cross primarily through the enhanced emission from
the bar, TW estimates from SB0 galaxies have been successfully used to observationally confirm that bars end at or inside their corotation radii. However, it does
suggest that in the presence of non-negligible asymmetry exterior to the bar, TW bar
estimates are susceptible to errors introduced by the use of slices positioned near the
bar end which are presumed to reflect the bar pattern speed but in reality include a
significant contribution from this structure. Consider a typical plot of <v> vs. <x>
for bar-crossing slices. The best-fit slope determination for Ωp from such a plot is
primarily governed by slices with the largest <v> and <x>. Since in SB0 galaxies
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<v> and <x> approach zero in slices at or near the projected bar end (since they
are presumably too far past the strong bar structure to contain information about
the bar and mark, rather, a return to axisymmetry in the disk), even when TW
estimates consider these ‘near zero’ slices, they contribute minimally to estimates
for Ωp . (See Debattista 2003 where studies with a simulated SB0 include a number of slices sampling the full extent of the bar.) But when there is considerable
asymmetric structure present beyond the end of the bar, similarly positioned slices
will reflect this contribution, impairing measurement of the true bar pattern speed.
In the barred spiral simulation, this consequence can be characterized upon inspection of <x>, <v> and ΩTp W =<v>/<x> as a function of the limit of integration
Xmax =X0 in a typical slice at y=1.2 (see Figure 3.7 for SA=-75◦ ). ΩTp W for this
slice, which according to our estimate for aB crosses the outer region of the bar,
actually seems more reflective of the spiral pattern speed (beyond the discontinuity
at X0 ∼3.2). Indeed, past X0 ∼3.2 where <x> crosses zero we can infer that this
bar-crossing slice contains substantial participation from the spiral; both <x> and
<v> decrease to a dip between X0 =4.0 and 6.0 before reaching a plateau. This is
evidence that, despite the relative weakness and limited extent of the spiral as indicated by the surface brightness distribution, the asymmetry in the disk should not
be considered dominated by the bar alone. Moreover, this is a clear indication that
the TWR calculation, which identifies and effectively removes the spiral contribution
from the fully extended Σ-weighted velocity integrals, can improve upon traditional
TW bar estimates that also use fully extended integrals. Of course, as displayed by
Figure 3.7, integrating only between ±X0 ∼ 2.5 may alone provide a reasonable bar
pattern speed and relieve all other TW slices from the spiral contribution. However,
this would provide only a single pattern speed estimate where two are possible; using
the TWR method and fully extended integrals, both Ωb and Ωs can be measured.
Figure 3.7 also raises a crucial point related to the required limit of integration
along each slice in the TWR calculation: if there is a clear plateau in the integrals
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Figure 3.7 Variation of <x> (top), <v> (center) and ΩTp W =<v>/<x> (bottom)
with X0 for the slice at y=1.2 with SA=15◦ for the barred spiral simulation.
reached before the edge of the map boundary, why not simply truncate the integrals
where they have converged (common to TW estimates) rather than use integrals extending to the edge of the surface brightness and which present outermost bins that
we demand must be ‘cut’ (that is, calculated without regularization), anyway? The
plateau reached at X0 ∼8.0 would suggest that truncating the integral there could
suitably account for information from the major sources of asymmetry in the disk.
However, this same distinction is not clearly shared by all slices, especially those at
large |y|. If we associate the plateau in this slice at y=1.2 with the limit of integra63
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tion Xmax =8.2 and hence the total radial extent Rmax required of the quadrature
p
2
where Rmax = Xmax
+ (y/ cos α)2 , then this locates the outermost slice position
at ymax =(Rmax − ∆r)/ cos α as well as the extent of the integral along this slice. It

is easy to check that (at least for this slice orientation) the integral has not achieved
convergence by this point, nor have most other integrals in the disk by Rmax .
Rather than risk ignoring information critical for characterizing the patterns uniformly throughout the disk, then, we choose to include in the quadrature all information out to the edge of the surface density. Indeed, this serves to perform a function
similar to truncating TW integrals. The difference in the two procedures arises from
the fact that while the limits of integration for each individual slice can be adjusted
for a given structure of interest in the TW calculation, the quadrature in the TWR
method delineates specific bounds which must encompass complete information from
all extended patterns in the disk.

3.3.2.3

Systematic Errors

In this section we use the barred spiral simulation to consider the errors introduced to
TWR pattern speed estimates in real galaxies. We can expect errors in the assumed
P Adisc to dominate errors in the TWR calculation, given that such errors translate
significantly to inaccuracies in the traditional TW calculation via the line-of-sight
velocity integral which is also, of course, a prominent feature of the radial TW
equation. Table 3.4 summarizes the results for a standard PA error of δP A = ±2◦
on the SAs in quadrant I chosen for their advantages, as evidenced by the discussion
in § 3.3.2.1. The average and rms for bar and spiral estimates from both the TWR
and the traditional TW methods are listed. (The TW ‘bar’ estimates are obtained
by fitting to the inner, nominal number of slices listed in Table 3.2, while all slices
with |y|<5.1 are considered in the ‘spiral’ estimates.)
Even this small δP A introduces considerable errors (relative to the known pattern
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Table 3.4 PA errors in TW and TWR estimates for Simulation I.

TW*
TWR

δP A = +2◦
δP A = −2◦
Ωb
Ωs
Ωb
Ωs
0.179
0.162
0.354
0.115
±0.055 ±0.058 ±0.04 ±0.02
0.214
0.211
0.380
0.158
±0.031 ±0.045 ±0.042 ±0.023

Note. — Entries correspond to average bar and spiral estimates from SAs in quadrant
I (-15◦ ,-45◦ , and -75◦ ) with PA errors δP A = +2◦ and −2◦ . Estimates from both the
traditional TW (*bar estimates using the nominal number of slices for each SA listed in
Table 3.2 and TWR methods are listed).

speeds) to both types of bar estimates. These errors in Ωb can be many times larger
than the formal rms. But whereas the errors are comparable in the TWR and TW bar
estimates, the errors in the spiral estimates tend to be smaller with TWR than TW.
Rewardingly, with this error not only are the TWR spiral solutions still definitively
constant and accurate to ∼15%, but the radial domain of both pattern speeds are still
well-determined. The transition between the bar and spiral rt and the termination
radius of the strong spiral pattern rc are effectively unchanged from the δP A = 0
case; for both δP A = +2◦ and δP A = −2◦ we find rt =2.8±0.37and rc =5.4±0.46.
Besides the effects on P Adisc measurement as studied by Debattista (2003), galaxy
inclination and ellipticity play perhaps more prominent roles as sources of error in
TWR solutions relative to traditional TW estimates. Presumably, large inclination
errors will prevent the association of information into accurate radial bins, given that
r = yobs / cos α. We expect this effect to be minimal at moderate inclinations since
dr ∝ dα sin α, and most significant at small inclinations where one would generally
find that the difficulty in inferring in-plane morphology and kinematics makes the
the TW method impractical in any case. At a moderate, 45◦ inclination we find that
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the barred spiral solutions for ± 3◦ inclination error differ from the actual pattern
speeds by only the change in sin α introduced by the line-of-sight velocity.

3.3.2.4

Transition Mis-identification

We have shown that the regularized TWR method can be used to parameterize the
number and radial domain of multiple pattern speeds in a single disk. Formally, the
contribution of each to the line-of-sight velocity integral is established through the
designation of a transition between patterns. In our scheme this transition is a free
parameter, but the method, of course, could plausibly assimilate other transitionidentification methods to similar effect, much like that in the Maciejewski (2006)
adaptation of the TW method. Specifically, in Maciejewski (2006) a plateau in the
RX
integrals −X0 0 Σxdx with variation in X0 is associated with the transition from an

inner to an outer pattern (see Maciejewski (2006) for details). This transition is then

used to separate the disk surface brightness into two unique components (one for an
inner secondary bar, one for an outer primary bar), thereby governing the decoupling
of the pattern speeds.
We here pursue this type of diagnostic for the case of the simulated barred spiral
in order to test the reliability of employing the TWR method with such independent
RX
RX
evidence for pattern extent. Figure 3.8 plots the values of −X0 0 Σxdx / −X0 0 Σdx as a

function of R0 for five bar-crossing slices (y1 =0.0, y2 =-0.6, y3 =-0.3, y4 =0.6, y5 =0.9)
p
at SA=45◦ where R0 = yi2 + X02 . For this projection, there seems to be a plateau at
R0 ∼ 1.2. We note that this value is smaller than the bar pattern extent indicated by

our best-fit solutions (and the major axis bar length estimated by inspection of the
surface brightness distribution) and furthermore, the same analysis performed over
the range of SAs does not always as clearly show the same behavior. Presumably,
this particular value is more indicative of the bar minor axis length than the full
radial zone of the bar pattern, since slices at a 45◦ SA sample along X perpendicular
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p
RX
RX
Figure 3.8 Variation of <x>= −X0 0 Σxdx/ −X0 0 Σdx with R0 = yi2 + X02 for five slices
at SA=45◦ (y1 =0.0 (dash-dot); y2 =-0.6 (dash); y3 =-0.3 (solid); y4 =0.6 (dot); y5 =0.9
(dash-dot-dot)) in the barred spiral simulation. The plateau range indicates a transition between R0 ∼1.0-1.5.
to the bar major axis; other slice orientations are similarly limited to sampling the

Table 3.5 TWR estimates for Simulation I with a mis-identified transition.
SA
75◦
45◦
15◦
-15◦
-45◦
-75◦

Ωb
0.376
0.348
0.367
0.336
0.336
0.313

Ωs
0.193
0.152
0.191
0.186
0.212
0.200

rt
0.9
0.9
1.2
1.2
1.2
1.2

rc
5.7
4.8
4.5
4.5
5.7
5.7

Note. — All bar and spiral pattern speeds listed here are estimated from TWR solutions
where rt is restricted to between 0.9 and 1.5. As in Table 3.1, solutions are calculated using
a ∆r=0.3 bin width. The third and fourth columns list the connate estimates for rt and
rc .
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bar according to its specific projection.
Allowing that information from the full radial zone of the bar is not manifest in
this type of indicator, we here proceed to assess the consequences for inner and outer
pattern speed estimates when the transition between the two patterns is misidentified. Table 3.5 lists the TWR bar and spiral estimates for each of the SAs studied
in the previous sections where we have limited the transition to 0.9<rt <1.5. At all
SAs, this error of several bins in rt causes an overestimation of the inner pattern
speed. The outer pattern speed, on the other hand, though slightly raised, is still
reassuringly accurate. We can interpret the inaccuracy in Ωb , then, as the result of
the mis-association of information from one pattern to the other via equation (2.5),
as discussed at the end of § 3.3.2.1. Additionally, we can attribute the greater inaccuracy in solutions from quadrant II to the reasons discussed in § 3.3.2.1. Though
the subtleties in Table 3.5 are most likely specific to this simulation, we emphasize
that systematic pattern speed errors introduced by transition mis-identification are
generic to the nature of the calculation.
One of the greatest strengths of the TWR calculation is that the transition is
in principle a free parameter (within limits) and need not be restricted to a single,
pre-determined value. We therefore recommend letting the results of the TWR calculation speak for themselves: given sufficient resolution and reasonable measurement
errors, step-model solutions with the most realistic transition should be recognizable
by how well they reproduce the actual <v>. Since the transition determines the
separation of the patterns by interpreting the contribution made to these integrals
by each, the natural result is the most accurate determination of the pattern speeds
possible.
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Figure 3.9 Face-on display of the spiral simulation’s surface brightness distribution
projected with a -30◦ rotation about the z axis, with orientation as in Figure 3.1.

3.3.3

Simulation II: Spiral Galaxy

In the previous section we showed that the TWR method is capable of detecting and
measuring a constant spiral pattern speed that spans less than a third of the disk.
Here, we test the aptitude of the TWR method in measuring a radially varying spiral
pattern speed that subsists over a large radial zone. Since the strong spiral surface
density enhancement in this simulation (Figure 3.9) has only moderate azimuthal
range like the spiral in § 3.3.2, we further explore the likely limitations intrinsic to
detecting spiral nonaxisymmetry with a given slice orientation.
The two-armed spiral featured in this simulation extends over a large portion of
the disk and is strong both in the surface brightness distribution (Figure 3.9) and as
traced by departures from axisymmetric rotation (streaming motions) in the velocity
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Figure 3.10 Face-on display of the spiral simulation’s velocity field projected with no
rotation about the z axis shown here with the kinematical major axis running from
left to right. Contours are spaced at ∆v=0.1.

field (Figure 3.10). We estimate the extent of the spiral structure from that of the
dominant m=2 component in the Fourier power spectrum plotted in Figure 3.11.
With the expectation, then, that the spiral structure exists between 0.5.r.3.5, we
restrict our spiral pattern speed solutions to the radial zone rt <r<rc bordered at
the innermost and outermost radii by two independent sets of unregularized bins.
(For our models, 0<rt <1.0 and 2.8<rc <4.2.) Between the radii marked by the free
(though restricted) parameters rt and rc , we allow each spiral pattern speed solution
to vary with radius as an nth order polynomial where n=0 to 2.
The two sections of ‘place-holding’ unregularized bins serve to isolate the solution in the radial range of interest; by minimizing errors due to either incorrectly
incorporating or imposing an ill-prescribed form to bins outside the radial zone of the
spiral, we reduce the introduction of inaccuracies to the spiral pattern speed solution.
The first, outermost section covers the radial zone identified by visual inspection of
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the surface brightness (and substantiated by the Fourier power spectrum) where the
dominant spiral ceases to extend and where the weakness of the Fourier components
suggests a region without a noticeable pattern. As a result, we consider this zone
unsuitable for reliable extraction of a pattern speed. (This last point can also be evidenced by traditional TW values from slices that pass solely through the outermost
disk; the low counts there lead to a large degree of variation in Ωp estimates from
slice to slice). The second, innermost section covers the radial zone inside rt ∼1.0.
Within this radius we do not expect to be able to extract a realistic pattern speed
solution since neither the morphology, velocity field, nor the power spectrum indicate
a departure from axisymmetry.
Lacking such evidence in the innermost radii, it would be entirely possible to
proceed without the use of unregularized inner bins (as would be the case when the
indicators for such a measure are perhaps less obvious). Indeed, allowing an independent regularized solution to exist at r<rt , the TWR calculation still performs
well; since these bins cover a rather small region of the disk and thereby contribute
minimally to the χ2 through only the innermost slices, we find that the spiral solution outside of this region closely resembles that in the case where the inner bins
are unregularized. However, we proceed in the manner described above with the
expectation that, if only minorly, our spiral pattern speed solution will be improved.
The actual pattern speed at the time of the snapshot shown in Figure 3.9 as derived
from the time evolution of the phase of the m=2 component is plotted as a function
of radius in Figure 3.12. This plot confirms that within r∼1.0, the pattern speed
is ill-quantified, with the values for Ωp at the inner-most radii oscillating between
positive and negative values outside of the vertical range of the plot. At the largest
radii, the pattern speed is characterized by scatter presumably reflective of the lack
of a noticeable pattern in Figure 3.9.
The pattern speed between 1.0.r.3.0 to be reproduced by our solutions shows
high-order variation with radius. Inside of r∼2.0 where the pattern speed is at a

71

Chapter 3. Tests of the Radial Tremaine Weinberg Method

Figure 3.11 Fourier power spectrum of the spiral simulation’s surface brightness
distribution shown in Figure 3.9. Modes up to m = 4 are plotted as a function
of radius with lines for m = 1 in dot, m = 2 in solid, m = 3 in dash-dot-dot, and
m = 4 in dash. (The odd modes show very little power.)

maximum (Ωp,max ∼0.3), the pattern seems to be unwinding, while at larger radii the
pattern speed decreases with increasing radius. This behavior is only modestly indicated by traditional TW estimates. In plots of <v> vs. <x> (see Figure 3.13 for a
comparison of plots generated at four SAs), adjacent slices trace out a figure-of-eight
shape characteristic of complex radial behavior (namely winding). However, the evidence for a variable best-fit slope (expected for a pattern speed that unwinds and
winds) is not comprehensive or even readily apparent in all cases. (In fact, all slices
are seemingly well fit with a single slope.) The radial dependence of Ωp becomes
more apparent upon inspection of the variation of Ωp with slice position (see Figure
3.14), but again, the radial dependence gets smoothed out since Ωp for each slice is
the result of averaging over all sampled radii. Furthermore, for the four SAs shown
in Figure 3.14, there is no single radial behavior implied by all. The TWR solutions,
on the other hand, are capable of clearly displaying high-order variation in Ωp (r).
The average and rms of the best-fit solutions with ∆r=0.2 bins at six different SAs
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Figure 3.12 Plot of Ωp as a function of radius for the spiral simulation as derived
from the time evolution of the m = 2 component. Curves for Ω and Ω ± κ/2 are
shown in gray.
(±15◦ , ±45◦ , and ±75◦ ) is plotted in Figure 3.15 between the average values of rt and
rc . For each SA, we find that the best-fit solution is quadratically varying, correctly
reproducing the winding behavior present in the actual pattern speed. However, the
parameters rt , rc and the size and location of Ωp,max differ slightly in each solution.
These differences tend to reflect the influence of morphology and slice orientation,
as in § 3.3.2.1. The value of the peak in Ωp (r), for example, is higher and more
pronounced in solutions from quadrant II than quadrant I; at positive (negative)
SAs Ωp,max ∼0.34 (0.27), on average. Together with differences in the location where
dΩp (r)/dr = 0 (which varies for the six SAs within the range 1.6<r<2.2), upon
averaging, the result is a slightly under-measured peak value occurring at r∼1.8 (in
accord with the actual location).
The vertical error bars on bins at large and small r similarly reflect variations
in the location of rc and rt with SA. Principally, the solution suffers contamination
from bins that perhaps yet contain information from the inner or outer axisymmetric
zones. But we also find that solutions in quadrant II tend to decrease from Ωp,max to
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Figure 3.13 Plot of <v> vs. <x> for every other slice spaced at ∆y=0.4 for the spiral
simulation at four SAs (clockwise from top left: 45◦ , 15◦ , -15◦ , and -45◦ ). Each slice is
labeled by its distance from the galaxy major axis yi . Adjacent apertures in the -45◦
case are connected by a solid line; this SA shows the clearest signature of winding.
The dashed line in all plots is the best-fit straight line to all apertures shown.
a value rc that is further in by about 10% than for solutions using slices at the perpendicular orientation. Nevertheless, we find the average rt =0.8±0.2 and rc =3.2±0.3 to
be in agreement with the bounds of the spiral pattern indicated by the disk surface
density and its Fourier decomposition.
Despite these PA-dependent effects, the values implied by the average solution
(Ωp,max , Ωp,min |r=0.8 , and Ωp,min |r=3.2 ) are accurate to within 5%, 11% and 10%, respectively. That we have correctly reproduced the high-order variation of Ωp (r),
regardless of SA, however, is perhaps the most remarkable aspect of the TWR solutions, even though the detectable variation is only at the 30% level.
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Figure 3.14 Plot of Ωp =<v>/<x> as a function of distance from the galaxy major
axis y for the spiral simulation at the four SAs in Figure 3.13 (clockwise from top
left: 45◦ , 15◦ , -45◦ , and -15◦ ). Triangles (circles) mark slices on the y>0 (y<0) side
of the galaxy.
Naturally, our solution for Ωp (r) lends itself to pattern winding time estimates.
With the average values for the maximum and minima implied by our solution we
can estimate the winding time of the pattern according to
τwind = 2π/(Ωp,max − Ωp,min ).

(3.1)

For the outer spiral arm, for example, we estimate an average time to wind τ̄wind =
71.64 which is less than 10% from the actual winding time τwind =78.53 observed from
the time evolution of the simulation. (This, of course, assumes that Ωp (r) does not
vary over this time.)
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Figure 3.15 The best-fit regularized TWR solution and error bars for the spiral
simulation with ∆r=0.2 bins, averaged over six SAs. The best solution is shown
as a series of solid lines for each bin with dashed errors. Errors for the transitions
rt =0.8±0.2 and rc =3.2±0.3 are represented by horizontal error bars at the top.

As this simulation would indicate, even without uniform slice coverage, though
it may be slightly more difficult to determine with confidence the radial domain of
the pattern (given large errors in rt and rc ), the overall shape, or functional form,
for Ωp (r) can be ascertained. Of course, this is largely influenced by the adopted
measurement errors σ <v> for each slice and the quality of a priori information that
can be gathered and employed. With larger errors σ <v> , for instance, the χ2 criterion
becomes less discriminating, and it may be difficult to distinguish between several different radial dependences for Ωp (r). Additionally, without clear evidence that limits
where the spiral pattern terminates, we risk misidentifying intrinsic radial variation.
Indeed, if we restrict rc to less than that implied by the best-fit solutions–and search
instead for solutions at a second rc -χ2 minimum–the pattern speed solutions for all
six SAs are constant between r̄t ∼0.47 and r̄c ∼2.47. As may be expected, the average
value for this constant pattern speed Ωp =0.236±0.051 is similar to that suggested
by traditional TW estimates where Ωp,T W =0.207±0.046 on average.
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Figure 3.16 Face-on display of the double barred simulation’s surface brightness distribution projected without rotation about the z axis, highlighting the inner two
bars.

3.3.4

Simulation III: Double Barred Galaxy

In this section we address the use of the TWR method for the purposes of nuclear
bar detection and measurement using the double barred SB0 simulation pictured
in Figure 3.16. In performing the regularized TWR calculation we again act under
the assumption of multiple patterns in distinct radial zones. Our models for Ωp (r)
parameterize unique, constant pattern speeds for both the primary and secondary
bars, known to have pattern speeds of Ωpb =0.23 and Ωsb =0.41, respectively. From
inspection of the surface density and its Fourier decomposition (for which the power
spectrum is plotted in Figure 3.17), we associate the drop in power of the m=2
component at r∼0.8 and again at r∼3.0 with the end of each bar. In step-models
for Ωp (r), then, we restrict the secondary-to-primary bar and primary bar-to-disk
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Figure 3.17 Fourier power spectrum of the double barred simulation’s surface brightness distribution shown in Figure 3.16. Modes up to m = 4 are plotted as a function
of radius with lines for m = 1 in dot, m = 2 in solid, m = 3 in dash-dot-dot, and
m = 4 in dash. (The odd modes show very little power.)

transitions to within 0.4<rt,1 <1.2 and 2.5<rt,2 <3.2, respectively.
To isolate the bars from the rest of the disk we extend the quadrature to the edge
of the surface density and employ our ‘cut’ procedure in light of the argument set
forth at the end of § 3.3.2.2. This is particularly compelling here since, despite the
apparent axisymmetry beyond the primary bar in this SB0 simulation, the Fourier
decomposition shows power in the m=2 mode beyond r∼3.0, especially in the last
third of the disk. If the asymmetry in this radial zone (which appears only very
weakly in the surface density) is sustained by an ill-defined, non-unique or perhaps
unrigid pattern–for which the TW/TWR assumptions break-down–then associating
it with a measurable pattern speed will likely introduce regularization-induced bias
to the solution for the interior patterns of interest.
Critically, asymmetry such as this may prevent clear integral convergence beyond
the primary bar end. So, too, can its presence in the integrals be expected to degrade
the reliability of pattern speed estimates for the structures of interest. Removing the
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influence of the information in this outer radial zone by calculating the bins there
without regularization is our best chance for accurate pattern speed measurement.
Given that the departure from axisymmetry manifest by a small nuclear bar will
be relatively minor compared with that of other patterns in the disk, this is especially relevant for accurate measurement of Ωs . In this case, non-axisymmetry on a
comparable scale may easily upset this structure’s contribution to the integrals and,
if prescribed an incorrect pattern speed model, may introduce consequences for the
innermost bins in solutions.
Our procedure for this simulation, however, does not quite involve calculating
without regularization all bins up to the patterns of interest (i.e. to the end of the
primary bar). As in all cases, but particularly here where we are compelled to ‘cut’
approximately two thirds of the disk, leaving a large portion of the total bins unregularized may begin to reintroduce unamendable propagating noise. To reduce this
risk, careful attention has been paid to the development and testing of models which
prevent the destabilization of solutions. (Indeed, the appropriate balance between
noise and stability in models for Ωp (r) must be explored on a galaxy by galaxy basis.)
Here, we find that the most stable models for Ωp (r) are those which include a third,
constant pattern past the end of the primary bar. From this we might infer that,
though weak and difficult to discern in Figure 3.16, there exists a spiral pattern outside the primary bar, perhaps corresponding to the m=2 component beyond r∼3.0
which remains clear, though modest out to r∼5.0. Indeed, we assume that the third
minimum in the power of the m=2 component at this radius corresponds to the end
of the spiral pattern, and moreover, since counts are low in the rest of the disk, that
the bins beyond r∼5.0 are best calculated without regularization. We note, however,
that we do not necessarily expect to measure a realistic pattern speed in this third
radial zone.
Compiling this evidence for two bars and a possible spiral we search for the bestfit solutions parameterizing two constant pattern speeds (one for the primary bar,
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one for the inner secondary bar) out to the end of the primary bar, in addition to
a third constant pattern speed Ωs restricted to extend out to 4.3<rc <5.3. We find
that solutions generated in this manner provide much more accurate estimates for
the primary and secondary bars compared with solutions that are either regularized
over the full extent of the surface density or unregularized up to the end of the primary bar.
For the purposes of further establishing favorable conditions for nuclear bar detection, we adopt a small bin width ∆r=0.15 in the quadrature. As described in §
3.3.2.1 and § 3.3.2.4, the mismatch by a fraction of a bin width or more between the
actual transition and that to which the solution is confined can have consequences
for both inner and outer TWR pattern speed estimates. Real nuclear bars will need
to be well resolved in order to accurately separate the contributions of the two bars.
The secondary bar in this simulation is known to be non-rigidly rotating; in Shen
& Debattista (2007) and in Debattista & Shen (2007), the amplitudes and pattern
speeds of secondary bars formed in purely collisionless N -body simulations through
the introduction of a rotating pseudobulge oscillate as the bars rotate through the
companions in which they are nested. In Shen & Debattista (2007), TW estimates
of the secondary bar pattern speed measured using bulge-only kinematics (the bulge
supports the nuclear bar alone and a primary bar contribution need not be accounted
for in the TW integrals) are subject to marked errors consistent with an origin in
non-rigid rotation. These errors result in estimates of Ωsb too high on one side of
the galaxy and too low on the other, in accord with being a manifestation of the
oscillations driving radial pulsations which contribute with different signs on the
two sides of the galaxy. Cancellation between measurements from both sides of the
galaxy in global regularized solutions reduces the effect of the oscillations. In the
discussion to follow, our focus is on sources of error in the TWR calculation other
than this intrinsic effect.

The TWR estimates from solutions with ∆r=0.15 bins

at six SAs (±15◦ , ±45◦ , and ±75◦ ) are listed in Table 3.6 and the average and rms
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Table 3.6 TWR estimates for Simulation III.
SA
75◦
45◦
15◦
-15◦
-45◦
-75◦
-

Ωsb
0.420
0.548
0.407
0.404
0.477
0.375
0.41

Ωpb
0.231
0.278
0.231
0.264
0.259
0.225
0.23

Ωs
0.146
0.178
0.063
0.087
0.233
0.028
-

rt,1 rt,2
0.75 3.15
0.75 3.15
0.6 2.7
0.75 2.7
0.9 3.15
0.9 3.15
0.8 3.0

rc
4.35
4.35
4.8
5.25
4.35
4.5
5.0

Note. — The secondary bar, primary bar and spiral pattern speeds listed here are
estimated from TWR solutions calculated using a ∆r=0.15 bin width for a range of SAs.
The last three columns list the connate estimates for rt,1 , rt,2 and rc . Values for the actual
pattern speeds are shown in the last row.

for this SA range is shown in Figure 3.18. Compared with solutions generated using
∆r=0.3 bins in the calculation, these solutions are much more stable and accurate;
at less than 8% from their actual values, the comprehensive primary and secondary
bar pattern speeds evidently benefit from the integrity of the calculated transitions
between patterns (we find rt,1 =0.75±0.09, rt,2 =3.0±0.21, and rc =4.6±0.33).
Though the TWR estimates in Figure 3.18 are accurate, the rms in each suggests
8 to 13% error on the part of the method. In addition to the intrinsic non-rigid
rotation-error expected for the secondary bar measurement, this may yet indicate
the slight misdesignation of transitions between patterns, and we can also assume
that (though we do not necessarily consider its measurement realistic) the third measured pattern speed has a non-trivial influence on the inner pattern speeds, as must
Ωpb on Ωsb , for instance.
With so many free parameters in our model–more than in any other used for the
study in this chapter–identifying unequivocally the dependence of each on the others
is difficult (indeed, the rms in each estimate likely reflects the combined consequence
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Figure 3.18 The best-fit regularized TWR solution and error bars for the double barred simulation with ∆r=0.15 bins, averaged over six SAs. The secondary
bar Ωsb =0.439±0.058, primary bar Ωpb =0.248±0.02, and spiral Ωs =0.123±0.07 are
shown as solid lines with dashed errors. Horizontal error bars at the top indicate the
dispersion in the secondary-to-primary bar transition rt,1 =0.75±0.09, the primary
bar-to-spiral transition rt,2 =3.0±0.21, and spiral termination radius rc =4.6±0.33.
of many such inter-dependencies). As in previous sections, however, we can begin
to understand the largest source of variability in the estimates from SA to SA by
considering the influence of morphology and slice orientation on the solutions. If we
consider that the major axes of the two bars are oriented at ∼45◦ from one another at
this time step (that is, with the secondary bar aligned along the x-axis, the primary
bar is aligned along the line y=x, or in the Shen & Debattista (2007) convention,
∆φ=45◦ ), then slices at ±45◦ are oriented along the primary bar minor/major axis.
In this case, even in the presence of the secondary bar <v> and <x> for the inner
primary-bar crossing slices fluctuate noisily about zero.
This behavior is more than enough to prevent accurate TW estimates for the primary bar (which Rand & Wallin (2004) find are less reliable when bars are aligned
within ±20◦ of a principle axis), and so it is perhaps not surprising that our TWR
estimates at ±45◦ SAs show rather large inaccuracies. However, what we find re82
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quires slightly more interpretation: it is the secondary bar estimate, and not Ωpb ,
that is compromised.
Unlike the results in § 3.3.2 with which we could argue that the regularized TWR
method is, in principle, fairly equipped to accommodate any alignment of patterns
(and where even slices at ±15◦ from the bar axis return accurate TWR estimates),
here we are not only dealing with more model parameters (and their intrinsic covariance), but the innermost pattern now has a much smaller extent than the structures
in the disk. Consequently, the secondary bar occupies the smallest fraction of bins
in the innermost slices where, moreover, the errors σi are the largest. Presumably,
in this exploitable state the secondary bar estimate is sacrificed for the primary bar
Ωpb in the regularized calculation; at SA=±45◦ , our measurement of Ωsb is overestimated by ∼25%, while Ωpb is good to within 11%, on average. (We can assume that
such imprecision also reflects the effect of the secondary bar’s non-rigid rotation.)
At other slice orientations where the primary bar is more favorably sampled, the
trade-off is less severe (though modestly PA-dependent).
An impromptu calculation using particles in the bulge only (motivated by the
Shen & Debattista (2007) strategy) seems to confirm the influence of the primary
bar in the TWR calculation at SA=45◦ . The error in our lone estimate Ωsb =0.42 in
this case is significantly less than when the primary bar is present and also comparable to that in bulge-only estimates at other SAs; for the three SAs in quadrant II
tested, we find Ωsb =0.43±0.01.
Even if the TWR method cannot accurately measure the pattern speed of a pulsating nuclear bar–aside from with global regularized solutions, in particular–it is
nevertheless appropriate for use in characterizing and constraining Ωsb , especially
in the presence of a primary bar. The comparative worth of TWR solutions can
be deduced in light of the distinction between the traditional TW and the TWR
methods. Our TWR pattern speed measurement for the primary bar is comparable to that from the traditional TW calculation; using slices covering |y| ≤2.25

83

Chapter 3. Tests of the Radial Tremaine Weinberg Method
(such that the bar contribution is maximal in all slices), the TW method returns
Ωpb,T W =0.214±0.011. The TWR secondary bar estimate, on the other hand, greatly
improves upon the TW estimate Ωsb,T W =0.338±0.149 available using slices covering
|y| ≤0.6.
Since the nuclear bar appears in only a very small number of slices and its contribution is, moreover, easily overwhelmed in the extended TW integrals, the TW
method only modestly recovers Ωsb . In the TWR calculation, however, the few bins
that cover the nuclear bar are supplied with large weights Kij compared with the
rest of the information along each slice. Together with a suitable bin width, this
effectively isolates information from throughout the nuclear bar extent from that of
all other patterns in the disk. The quality with which Ωsb can be constrained then
depends on how well the contribution from these other patterns is identified and removed from slices intersecting the nuclear bar, and moreover relies on regularization
over both sides of the galaxy to construct a global solution.
Aside from the unavoidable error introduced by the non-rigid rotation of nuclear
bars expected from N-body simulations, from our current study it seems likely that
similar calculations may be limited according to the degree of resolution and the
relative size of the secondary bar. That is, the former dictates the precision with
which the secondary-to-primary bar transition can be determined, and the latter sets
the leverage supplied by the secondary bar to the χ2 . Furthermore, given that the
measurement of an inner, nuclear bar pattern speed is subsequently largely affected
by how well the other patterns present in the disk can be measured, success with the
TWR method requires appropriate models for Ωp (r) that account for such concerns.
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3.4
3.4.1

Summary
Caveats in Applications to Real Galaxies

The successes of the TWR method as applied to simulated data should be obtainable
with real galaxies, provided that adequate attention is paid to several considerations.
Since the calculation foremost requires integration along slices parallel to the galaxy
major axis which reflect information from all patterns of interest in the disk, observations must be able to present a number of these. As governed by the resolution or
sampling of the data, the placement of these slices must be able to define a quadrature
wherein the position y of the outermost slice corresponds to that of the last matrix
element along the slice requiring the largest limit of integration Xmax for integral
convergence; when convergence can be reached only clearly at the map boundary
(perhaps far beyond the extent of the patterns), this is essential for correctly accounting for all information along each slice.
Establishing the slice positions and orientation for an accurate quadrature also
clearly requires superior knowledge of kinematic and morphological parameters. In
general, the same restrictions to the quality of input data in traditional TW calculations apply to the TWR method. As described in § 3.3.2.3, errors in the assumed PA
which impair TW estimates can also introduce considerable inaccuracy to the TWR
solutions. The inclination angle of the disk must also be well-determined and should
be preferably restricted to only moderate values (which, beyond the observational
requirements of the TW method, will keep errors from corrupting the association of
information into accurate radial bins).
Additionally, though more easily overcome in traditional TW estimates (Merrifield & Kuijken, 1995), errors in the systemic velocity and galaxy center might
prove critical for the TWR solutions since each side of the disk provides an independent solution for Ωp (r). Care must be taken not to impair the prevailing symmetry
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along each slice, given that each integral bears more than one estimate. The incorrect placement of radial bins according to a mis-assigned galaxy center position, for
example, could significantly over- or under-estimate the actual pattern speed, and
moreover make assessment of the true radial variation unlikely.
The regularization procedure developed in Chapter 2 and tested here itself makes
further demands on the quality and amount of information necessary to perform the
calculation. But by keeping the amount of information beyond that required of the
TW method to a minimum, and using standard diagnostics such as Fourier decomposition, the requisite set of a priori assumptions can be invoked quite reliably. As
long as the information is accessible, requiring at the least theoretical motivation to
develop testable models, and limited in principle only by the quality of information
from which it is to be gathered, then the regularization should proceed without impediment.
Of course, unlike the simulated galaxies studied here where there is plenty of signal throughout the disk, observations of real galaxies may present sensitivity issues.
While regions of low signal-to-noise in the outer disk can be superseded using the
‘cut’ procedure applied in this chapter (and developed in the previous), high quality information from the rest of the disk is an obvious priority for the method; the
departures from axisymmetry induced by all patterns present in the disk must be
clearly detectable. Not only does the calculation depend on the presence (or lack) of
these signatures–in both the surface density and in the velocity field–but the mere
identification of the number and domain of patterns is critical for developing appropriate models for Ωp (r).
This latter necessity may be hard met since, for instance, it will be rare to observe galaxies with surface densities that can be Fourier-decomposed as cleanly as
is possible with simulated galaxies. Furthermore, unlike simulations, it is impossible
to establish whether or not there exists more than a single pattern speed at each
measured radius in real galaxies. Since the models developed with regularization in
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Chapter 2 are incompatible with non-unique pattern speeds, for real galaxies, the
choice of when and where to consider a transition or to keep solutions unregularized
may be based on a more qualitative assessment of where clear structure ends.
Inevitably, the combination of the above considerations (related, overall, to the
quality of the data) will determine the extent to which the model for the true radial
behavior of Ωp (r) can be differentiated from other models. That is, the χ2 criterion
with which we judge the goodness of solutions becomes less discriminating the larger
the measurement error σ <v> . Since the adopted measurement error σ <v> for each
slice used in the calculation and in the χ2 estimator must necessarily incorporate
observational errors based on random noise in the data, with severe enough errors
different model solutions from real, imperfect data may be indistinguishable.
In addition, systematic errors (likely dominated by PA uncertainty) will undeniably challenge the accuracy of solutions. In all applications of the method it is
critical to assess the influence of these errors through direct tests of the sensitivity
of solutions to departures from the nominal values of PA, inclination, and kinematic
center, for instance. Clearly, this makes 2-D coverage desirable; here, 2-3◦ uncertainties in the PA alone are shown to introduce around 15% error in measurements of
Ωp (r) for the barred spiral simulation.
Insufficient resolution or sampling may also impair TWR solutions from real
galaxies. A large adopted bin width not only limits the detectable radial variation
in Ωp (r), but also restricts how well multiple patterns can be separated in the resultant quadrature; a mismatch between the actual transition and that to which the
solution is confined can have consequences for the estimates of both inner and outer
patterns. Naturally, depending on the models to be tested and relative size of the
disk, a resolution-constrained bin width is not guaranteed to impair solutions for all
galaxies. We nonetheless foresee that the only true way to preserve the integrity of
solutions is with high-resolution observations.
Data cubes lend themselves well to analysis with the TWR method, since unlike
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long-slit spectroscopic observations, the galaxy PA, inclination, systemic velocity and
(kinematic) center can be derived with errors from the data using a tilted-ring analysis on the first moment of the cube. Additionally, multiple slices can be defined with
a single observation. So between radio and sub-mm investigations of spiral structure,
for instance, and IFU spectroscopy with which double bar systems (and eventually
double barred spirals, given larger, more sensitive IFUs) can be studied, applications
of the TWR method could be extensive.
Of course, like all applications of the TW method, the observed tracer must
be found to obey continuity and the relation between the intensity of the tracer and
the surface density must be linear or well-determined everywhere. Reviews of several
possible tracers argued to suitably obey the TW continuity requirement can be found
throughout the literature, but we note here that the work of Gerssen & Debattista
(2007) studying the effect of dust on TW measurements of bars may find meaningful
extension in future TWR studies of multiple patterns in late-type galaxies. There,
model dust lane features associated with bars introduce errors on the order of 2040% (Gerssen & Debattista, 2007). In addition to these errors, TWR solutions could
possibly be prone to increased error from spiral dust lanes at larger radii. Though it
is beyond the scope of this work to make a detailed assessment of the sensitivity of
TWR solutions to dust, we argue that such noise could well be mitigated through the
use of regularization, and expect no greater an effect in TWR measurements than
TW, which moreover, will be apparent with the use of only optical tracers.
In the immediate future, we plan to apply the TWR method to several highresolution BIMA SONG CO observations of molecule dominated galaxies to search
for spiral winding, relations between bar and spiral pattern speeds, and spiral-spiral
mode coupling. (These observations include single-dish data and therefore do not
suffer from missing flux which would be a violation of the continuity requirement.)
For those galaxies with ISMs not dominated by molecular gas, we plan to combine
the CO with HI data to make total column density maps (assuming the ionized com-
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ponent is negligible). Since the CO-H2 conversion factor is critical in combining the
CO and HI maps (and, of course, in establishing molecule dominance in the former
case), it will be necessary to test the sensitivity of the TWR method to the adopted
conversion factor for such combinations.
Additionally, since warped disks (common in HI) are a violation of the TW assumptions, we will also perform tests to determine if our cut-off scheme can be used
to circumvent the warp and thereby extract solutions from the rest of the disk. For
these applications of the TWR method, we plan to construct measurement errors σ
for each slice that reflect uncertainties related to the flux cutoff chosen in creating
the moment maps. The effect of PA and other systematic errors will be assessed by
testing the sensitivity of solutions to departures from the nominal values.

3.4.2

Applying the TWR Method

Although in the interest of testing our strategy for each simulated galaxy is somewhat
tailored to its unique properties, with the above caveats in mind our studies have
enabled us to develop a general and reasonably objective prescription for applying
the regularized TWR calculation:
1. Establish the bin width and the corresponding number of slices (not necessarily
uniformly spaced) that are required to achieve converged integrals using an
N × N quadrature. For the purposes of measuring multiple patterns in a single
disk, this will likely extend to the map boundary.
2. Compile a priori information by inspecting the surface density, its Fourier decomposition, and the velocity field for indications of patterns and to establish
the expected number and domain of measurable pattern speeds. This should
include the identification of regions in the disk susceptible to regularizationinduced bias.

89

Chapter 3. Tests of the Radial Tremaine Weinberg Method
3. Develop theoretically and/or observationally motivated models which parameterize Ωp (r) according to the a priori information.
4. Incorporate measurement errors into a single σ <v> (and σ) for each slice. These
should represent uncertainties in the adopted intensity noise level, and/or
other random noise-related errors; systematic errors are preferably determined
through direct testing (see item 9).
5. Develop the weighting scheme for a reduced χ2 estimator which accounts for
the total degrees of freedom for the models to be tested. This should reflect
expectations for which slices, if any, are most critically to be reproduced by
the models.
6. Generate preliminary solutions for the models. At this point, the degree of
regularization required to return solutions according to type should be explored.
7. With finalized solutions, use equation (2.4) to generate a complete set of <v>
for each and calculate the corresponding χ2ν .
8. Use the χ2ν to identify the best-fit solution.
9. Test the sensitivity of the results to other systematic effects peculiar to the
observation, e.g. adopted PA and/or the CO-H2 conversion factor, for instance.

3.5

Conclusion

In this chapter we have shown that regularizing the TWR calculation is an effective
means of smoothing intrinsically noisy solutions for more precise measurement of
Ωp (r). Specifically, (barring a large, limiting resolution) regularization admits the
use of a much smaller bin width than that required to achieve comparable smoothness in the unregularized calculation. This affords improved assessment of radial
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variation as well as more accurate determination of the transitions between multiple
pattern speeds (and thus of the values of the pattern speeds themselves, in principle). Moreover, with the regularized TWR calculation, different theoretically and
observationally motivated models for the radial dependence of Ωp (r) can be tested
in fairly short time and with only the minor addition of information compared to the
unregularized TWR and TW methods.
With a simple scheme for generating nth order polynomial solutions which can
be incorporated into step models, we have shown that the TWR method can be
used to parameterize the radial domains of multiple pattern speeds. Together with
a priori information identifying zones in the disk which may be incompatible with
measurement (either because they are characterized by low signal-to-noise or show
no evidence for a pattern), we can further constrain the extent of patterns while
optimally reducing regularization-induced bias in pattern speed solutions.
As applied to three simulated galaxies, we find that the TWR method developed
in this manner performs with a high degree of accuracy (with less than 15% error)
both in measurement and in extracting information about the true functional form
for the pattern speed. Tests on a simulation of a barred spiral galaxy indicate that
not only can the constant pattern speed for a relatively weak spiral be reliably reproduced, but information about both the pattern speed and the radial extent of the bar
pattern can also be extracted. (Indeed, we find that the bar pattern speed estimate
is strengthened by the proper use of information from beyond the bar end.) And
though the bar pattern speed estimate is highly susceptible to systematic errors–
with PA errors introducing the largest uncertainty to TWR pattern speeds, as with
TW estimates–we find that the identification of the transition between the two is
relatively stable.
The TWR method can also be effectively employed to measure patterns that are
winding in nature. In a simulation of a two-armed spiral, the best-fit TWR solutions
from several slice orientations correctly reproduce the high-order radial variation of
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the pattern speed, despite modest indication that not all orientations supply the
same authority (this, of course, would seem to depend on the morphology of this
spiral, in particular). Indeed, though the TWR method can, in principle, handle any
(presumably random) alignment of patterns, in all of the simulations studied, slice
orientations which provide the most uniform coverage of the patterns are preferred.
This is of particular importance for nuclear bar pattern speed measurement, as found
in tests of the method on a double barred simulation. Since the innermost bins which
provide the foremost leverage on the nuclear bar are also the most susceptible to errors from throughout the disk, confident measurement requires all other patterns to
be well constrained.
In principle, comparable accuracy should be achievable on real galaxies. However,
these tests do not constrain how well the TWR method can perform under severe
observational limitations which may commonly arise. Not only can determinations
of the PA, inclination, and dynamical center be subject to considerable errors given
low-quality data, but identifying constraints on the patterns present in the disk to
be incorporated into models for Ωp (r) could prove challenging. Additionally, though
regularization can reduce the impact of noise on solutions, large measurement errors
for each slice could make discriminating between several possible models for Ωp (r)
difficult. And most critically, since the nature of the numerical calculation relies on
a relatively small bin width to achieve its greatest accuracy, without high resolution,
some observations may not afford practical solutions.
Nevertheless, if restricted to high resolution observations with adequate sensitivity, and given radially stable kinematic parameters, TWR solutions can be used to
study the connection between multiple patterns and the nature of spiral winding.
So, too, can we expect progressively more satisfactory applications of the method;
though the number of galaxies to which the method can be successfully applied is
limited by the current generation of instruments, in the future, larger IFUs, ALMA,
and eventually, SKA should yield much higher quality data with larger areal coverage
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and higher angular resolution. This prospect in itself should warrant future studies
with the TWR method.
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Chapter 4
Radial Dependence in the Pattern
Speed of M51

4.1

Chapter Overview

The grand-design spiral galaxy M51 has long been a crucial target for theories of
spiral structure. Studies of this iconic spiral can address the question of whether
strong spiral structure is transient (e.g. interaction-driven) or long-lasting. As a
clue to the origin of the structure in M51, we investigate evidence for radial variation in the spiral pattern speed using the radial Tremaine-Weinberg (TWR) method.
We implement the method on CO observations tracing the ISM-dominant molecular component. Results from the method’s numerical implementation–combined
with regularization, which smooths intrinsically noisy solutions–indicate two distinct
patterns speeds inside 4 kpc at our derived major axis PA=170◦ , both ending at corotation and both significantly higher than the conventionally adopted global value.
Inspection of the rotation curve suggests that the pattern speed interior to 2 kpc
lacks an ILR, consistent with the leading structure seen in HST near-IR observa-
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tions. We also find tentative evidence for a lower pattern speed between 4 and 5.3
kpc measured by extending the regularized zone. As with the original TW method,
uncertainty in major axis position angle (PA) is the largest source of error in the
calculation; in this study, where δP A =±5◦ , a ∼20% error is introduced to the parameters of the speeds at PA=170◦ . Accessory to this standard uncertainty, solutions
with PA=175◦ (also admitted by the data) exhibit only one pattern speed inside 4
kpc, and we consider this circumstance under the semblance of a radially varying PA.

This chapter is reproduced in full from “Radial Dependence of the Pattern Speed of
M51”, Meidt, S. E., Rand, R. J., Merrifield, M. R., Vogel, S. N. & Shetty, R. 2008,
ApJ, 688, 224, with the addition of one section (§ 4.5.8) of unpublished material.

4.2

Introduction

The large angular size and clear spiral structure of the nearly face-on spiral M51
make it ideal for studies of the nature and origin of grand design spiral structure.
Two scenarios dominate the discussion in the literature, each based on opposing
theories: strong spiral structure as a quasi-stationary density wave (e.g. Lin & Shu
1964), or as a transient feature due to interaction with nearby companion NGC 5195
(e.g. Tully 1974).
Observations of both the stellar and gaseous components reveal consistencies with
the density wave interpretation at some level (see Elmegreen et al. 1989; Vogel et al.
1993; Rand 1993). In accord with the seminal study of Tully (1974) which attributes
the (transient) outer pattern to the interaction with its companion and proposes
that the inner arms are likely spiral density waves also driven by the encounter,
Elmegreen et al. (1989) and Vogel et al. (1993) find independent evidence for two
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different pattern speeds. If the strong spiral’s corotation radius overlaps with the
ILR of the outer, material pattern, as is suspected (e.g Tully 1974; Elmegreen et al.
1989), this may indicate the stimulation of an inner spiral wavemode by the outer
material spiral via mode-coupling (Tagger et al., 1987). But observationally it remains unclear whether, if driven by the outer pattern, the strong spiral structure is
transient, or has survived a few rotation times (e.g. as speculated by Vogel et al.
1993).
In the simulations of both Salo & Laurikainen (2000a) and Howard & Byrd (1990)
structure throughout the disk is well reproduced by multiple passages of the (bound)
orbiting companion, and the nuclear structure, in particular, seems intimately related to the inward propagation of multiple tidally-induced perturbations (Salo &
Laurikainen, 2000b). Pursuant to the study of Toomre & Toomre (1972), such simulations of M51 have proved indispensable for exploring and motivating scenarios
in favor of short-lived waves. In the short-lived wave paradigm, propagating wave
packets evolved from kinematic distortions in the outer disk may be swing-amplified
(Toomre, 1981), causing a strong response in the inner disk. As predicted by Salo &
Laurikainen (2000b), the wave speed has a complex radial dependence, featuring a
constant pattern speed for the dominant m=2 structure out to 1.2-1.8 kpc (depending on the disk mass assumed), followed by a superposition of structures described
by a pattern speed that decreases with radius, down to ∼10-20 km s−1 kpc−1 by
∼4.6 kpc.
Knowledge of the pattern speed of the structure can, in principle, both distinguish between and reconcile the short- and long-lived wave scenarios, and so many
studies have focused on measuring and characterizing this parameter (see Elmegreen
et al. 1989, Tully 1974, Salo & Laurikainen 2000b and Garcia-Burillo et al. 1993, for
example). The pattern speed of the outer spiral has long been proposed near 10-20
km s−1 kpc−1 . In the inner disk, application of the traditional, model-independent
method of Tremaine & Weinberg (1984; hereafter TW) using CO observations yields
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a pattern speed Ωp =38 km s−1 kpc−1 (Zimmer, Rand & McGraw, 2004), in general
agreement with the determinations based on resonance locations of Elmegreen et al.
(1989) and Tully (1974) (but higher than the pattern speed Ωp =27 km s−1 kpc−1
found by Garcia-Burillo et al. 1993). Although the TW analysis shows evidence
for significant departures from the expected relation for a constant pattern speed in
both the inner- and outer-most regions of the disk, the method cannot quantitatively
account for any suspected radial variation of the pattern speed.
The radial TW (hereafter TWR) method (Merrifield, Rand & Meidt 2006; Meidt
et al. 2008a) should prove an invaluable resource in this regard, since with it we can
characterize the angular speeds of distinct patterns and their possible radial variation. For the first time, we are able to observationally address issues related to the
complex nature and persistence of spiral patterns and the connection, if any, between
multiple pattern speeds in a single disk.
Like its traditional counterpart, the TWR method, summarized in § 2, relies on
the use of a kinematic tracer found to obey continuity. Here, we consider the ISMdominant molecular component in the inner disk of M51 as traced by CO observations. In §§ 4.4.1 and 4.4.2 we describe these observations and review the arguments
which establish their conformity with the assumptions of the method. In § 4.4.3 we
formulate the TWR quadrature and motivate the models developed for testing.
Results of the regularized TWR calculation applied to the inner disk are presented in § 4.5.2. There we establish a best estimate for the pattern speed(s) of
the bright spiral structure by considering the characteristics of solutions over a ±5◦
range of disk position angles (PAs) (§ 4.5.3); according to the findings of Debattista
(2003), we can expect uncertainty in the PA to be the dominant source of systematic
error in the calculation. We also compare this estimate to other tested models of the
radial dependence in § 4.5.4.
In an effort to authenticate the TWR estimate, in § 4.5.5 we relate our measurements to other independent evidence for more than a single pattern speed in the
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inner disk of M51 and investigate the resonance locations and overlaps that they
entail. We also consider our measurements in light of relevant findings throughout
the literature, including those of Shetty et al. (2007) (§ 4.5.6) and Henry et al. (2003)
(§ 4.5.7). Final results are summarized in a conclusion section.

4.3

The TWR method with Regularization

The radial modification of the TW method (Merrifield, Rand & Meidt 2006; Meidt et
al. 2008a, hereafter M08) delivers a derivation for radially-dependent pattern speeds
measurable from observationally accessible quantities. The so-called TWR calculation proceeds under assumptions parallel to those of the original method, namely
that the disk of the galaxy is flat (unwarped); that the surface density of a disk
component, which must obey continuity, becomes negligibly small at some radius
and all azimuths within the map boundary (thereby critically yielding converged integrals; see below); and that the relation between the emission from this component
and its surface density is linear, or if not, suspected deviations from linearity can be
modeled.
Departure from the traditional method (which assumes that the disk contains a
single, well-defined rigidly rotating pattern) emerges by allowing that Ωp =Ωp (r) –
and the surface density of the tracer Σ(x, y, t) = Σ(r, φ − Ωp (r)t). Integration of
the continuity equation obeyed by the tracer thereupon yields a Volterra integral
equation of the first kind for Ωp (r),
Z

∞

r=y

′

′

{[Σ(x , y) − Σ(−x , y)]r} Ωp (r)dr =

where x′ (r, y) =

p

Z

∞

Σvy dx

(4.1)

−∞

r2 − y 2 (Merrifield, Rand & Meidt, 2006). This equation can

be cast in terms of xobs and yobs , the coordinates in the plane of the sky along the
major and minor axes, respectively, and vobs , the observed l.o.s. velocity, since for
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a galaxy projected onto the sky plane with inclination α, x = xobs , y = yobs / cos α,
and vy = vobs / sin α.
When the integral on the left of equation (4.1) is replaced with a discrete quadrature for different values of y = yi and r = rj (represented in Figure 1 of M08),
equation (4.1) takes the form of the matrix expression
Kij Ωj = bi

(4.2)

with K an upper triangular N × N square matrix. This can be solved numerically
for a total of two independent measures of Ωp (r), one from either side of the galaxy
(y>0 and y<0).
As described by Merrifield, Rand & Meidt (2006) (and depicted in Figure 2 of
M08), solving Equation 4.2 by standard back-substitution results in the propagation
of errors from large radii inward, whereby solutions inescapably display noisy oscillations. As demonstrated there, applied first to Sb galaxy NGC 1068, this effect can
be impeded most simply by adopting a relatively large bin width; the TWR solution
in this case is found to decrease with radius, and yield a winding time estimate for
the two-armed structure.
But in general, as found in application to simulations (M08), smaller radial bins
are preferable to insure accurate assessment of radial variation. In addition, noisy
behavior in solutions tends to be amplified when the quadrature extends out to the
edge of the surface brightness (a requirement argued for by M08), which not least
imposes that the outermost bins generally cover the lowest S/N regions in the disk.
Combined with a relatively small bin, numerical solutions as a result of inward error
propagation display a systematic offset in each bin between measurement and the
actual value, preventing accurate determination of Ωp (r) (M08).
As shown in M08, regularization provides an effective means of reducing the intrinsic propagation of noise in solutions while maintaining the precision required to
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accurately identify true radial variation. There, regularized TWR calculations were
applied successfully to simulated disks featuring multiple pattern speeds in distinct
radial zones as well as spiral winding.
Following M08, then, we introduce a regularizing operator, or smoothing functional S, containing a priori information in the manner of Tikhonov-Miller regularization (Tikhonov & Arsenin 1997; Miller 1970) into the χ2 estimator minimized
by solutions Ωj of equation (4.2), whereby minimization returns smoothed solutions
according to (in matrix form)
(K̄T · K̄ + λS) · Ω = K̄T · b̄

(4.3)

where the elements of K̄ and b̄ are Kij /σi and bi /σi , respectively (with errors σi
representing the measurement error of the ith data point bi ), and the parameter λ
controls the degree of smoothness achieved in solutions. Details for the full calculation and analysis can be found in M08; we proceed by highlighting only a few of the
main precepts.
By incorporating into the smoothing S simple expectations from theory and observation, the solution of equation 4.3 yields smoothed, testable models for Ωp (r).
These models we restrict to simple forms and consider only polynomial solutions with
constant, linear and quadratic radial dependence. (The elements of the smoothing S are associated with the minimization of the nth derivative of Ω(r) for each
polynomial solution of order n.) These polynomial models can be incorporated into
step-functions which parameterize the radial domains of multiple pattern speeds (see
M08).
The best fit global solution constructed from the average of like-model solutions
from the two sides is established using the standard χ2ν (χ2 per degree of freedom)
statistic, as in M08. (Note that an explicit assumption here is that all patterns in
the disk are indeed global.) To summarize, once equation (4.3) is solved with a set
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of prescribed smoothings on each side, we use equation (4.2) to generate a complete
R
set of <v>i = bi /( Σdx)i for each global model. The χ2ν fit of the model-reproduced

to actual <v>i given global measurement error σ <v> (defined as the average of the
individual errors σi<v> for each slice) is then calculated for each. For this χ2ν , we
adopt the uniform weighting scheme advocated by M08.
According to the M08 prescription where measurement errors for each slice reflect random noise in the data, for this analysis we assign errors σi<v> that define the
change in the measured <v> introduced by a change in the chosen flux cut-off in
the first moment map. Specifically, the error in the <v> measured from a map with
an nσ level cutoff is defined as
1/2
1 
σ <v> = √ (< v >(n−1)σ − < v >nσ )2 + (< v >(n+1)σ − < v >nσ )2
2

(4.4)

for each slice i. The average of the individual errors then define the global mea
P
2N
<v>
/2N (and N is the
surement error across the entire disk where σ <v> =
σ
i=1 i

number of bins/slices used in the TWR calculation on a single side). (Note that this
R
error relates to the error σi for each slice in equation (4.3) through ( Σdx)i .)
Although these random errors are used in the goodness-of-fit criterion, the over-

all error in the measurement of Ωp (r) given by the best-fit global model solution is
defined relative to systematic errors in the calculation. Uncertainty in the assumed
position angle (PA), for example, has the largest potential for introducing errors into
<v>i , or conversely, the bi in equation (4.3), and is the dominant source of error in
TW calculations (Debattista 2003; M08). We assess this error by testing the sensitivity of the solutions to departures from the nominal value for the PA (or inclination,
for instance). Unless otherwise specified, in this chapter (paper: Meidt et al. 2008a)
all reported error bars reflect the influence of PA uncertainty alone. As for inclination errors, apart from the change introduced in the pattern speed measurements
through a change in sin α, these prove to be of little additional consequence to the
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Figure 4.1 Zeroth (right) and first (left) moment maps of the M51 CO cube (originally
presented in Shetty et al. 2007). The horizontal bar in the top right corner indicates
the physical scale. The y>0 quadrature generally covers the eastern half of the image
(depending on the value of the PA adopted), while the y<0 quadrature covers the
western.
accurate placement of radial bins defined in the quadrature (as suggested by M08),
despite the relatively low inclination (we adopt α=24◦ ; see Table 4.1) of the disk
of M51. We therefore do not report this error, but instead note that a change in
the inclination by δα =±3◦ corresponds to a fractional variation of about 12% in the
pattern speed estimates reported here.

4.4
4.4.1

Application to M51
Observations

In this chapter (paper: Meidt et al. 2008a), we consider the disk of M51 traced by
high resolution CO observations. As described in its initial publication (Shetty et al.,
2007), the cube consists of the BIMA Survey of Nearby Galaxies (SONG) observation
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together with several additional pointings which extend the map out to r∼280” and
provide higher angular resolution in the central regions (see the beginning of § 4.4.3).
A complete description of the data can be found in Shetty et al. (2007). The 2-σ
zeroth and first moment maps used in this analysis, derived from the full cube, are
shown in Figure 4.1. Measurement errors given by uncertainty in the flux-cutoff are
defined relative to maps at the 1- and 3-σ levels.

4.4.2

Establishing Molecular Dominance

The measured intensities and velocities in Figure 4.1 are suitable for use with the
TWR method provided that the assumptions listed in the previous section are satisfied. While the continuity requirement can be particularly limiting, Zimmer, Rand
& McGraw (2004) and Rand & Wallin (2004) argue that CO emission, the standard
tracer of the molecular component of the ISM, suitably meets the TW assumptions for galaxies where the ISM is everywhere dominated by molecular gas. This
is founded on the low true efficiency of star formation in spirals, which implies that
only a small fraction of molecular gas is converted into stars on orbital timescales,
while molecular dominance implies that the conversion of molecular hydrogen into
other phases of the ISM occurs at low levels.
Zimmer, Rand & McGraw (2004) applied the TW method under this premise,
showing with CO and HI observations that the gas content of M51 is in fact dominated by molecular hydrogen where CO is detected. The CO observations used in
this work can be similarly asserted to obey continuity: assuming a conversion factor
between CO intensity and H2 column density X=2×1020 cm−2 [ K km s−1 ]−1 , molecular hydrogen is found dominant over the majority of the CO emitting disk (roughly
R<105”), where N(H2 )/N(HI)∼10 (Shetty et al., 2007).
The possibility of variation in the CO-H2 conversion factor has also been addressed by Zimmer, Rand & McGraw (2004), who find in a series of tests applied
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to M51 that neither a linear relationship between metallicity and X-factor nor arminterarm variations at levels suggested by Garcia-Burillo et al. (1993) produce a
significant change in the derived pattern speed estimate.
The negligible effect of radial dependence in X can be largely attributed to the
cancellation of axisymmetry with TW integration along each slice (see Zimmer, Rand
& McGraw (2004) for a complete account). Analogously, for the TWR method, as
long as the metallicity changes negligibly over the width of a radial bin, we can
expect little change in the results of calculations that assume an approximately constant X-factor throughout the disk. We have confirmed this to be the case here;
modeled according to the Bresolin et al. (2004) metallicity gradient 0.02 dex kpc−1 ,
an increase in X with radius produces negligible change in the measured solutions.
An arm-interarm contrast as suggested by Garcia-Burillo et al. (1993), on the
other hand, in general may not so readily translate from TW to TWR calculations
inconsequentially. Currently, assessing the particular effect of azimuthal variation in
the X factor on the results of the TWR method is beyond the scope of this work.
Here, we rely on the results of Zimmer, Rand & McGraw (2004) to assert that, to a
first approximation, variation in X should not compromise the analysis as presented
here.

4.4.3

Defining the quadrature and developing testable models

In order to achieve as accurate a quadrature as possible and also limit errors caused
by the misdesignation of any transitions (e.g. given the finite bin width to which solutions are confined; M08), we adopt a radial bin width ∆r=0.23 kpc (D=9.5 Mpc).
This corresponds to the limiting resolution (∼4”) of the map at the innermost radii.
Since with the majority of our analysis of M51 we are most interested in characterizing the pattern speeds of the bright spiral structure, this choice is expected to yield

104

Chapter 4. Radial Dependence in the Pattern Speed of M51

Table 4.1 Parameters used in the TWR calculation for M51.
Parameter
Value
Dynamical Center RA (α) (J2000)
13h 29m 52s .71
Dynamical Center DEC (δ) (J2000)
47◦ 11’42”.80
Distance
9.5 Mpc
Systemic Velocity (Vsys ) 469 km s−1 (LSR)
Position Angle
170◦ ±5◦
Inclination
24◦ ±3◦

Note. — The dynamical center and inclination angle are adopted from Shetty et al.
(2007). Entries for Vsys and PA originate from the tilted ring analysis of the first moment
of the CO cube using the GIPSY task ROTCUR.

high quality solutions for the pattern speeds in this region in particular.
At the largest radii (and in interarm regions) the resolution decreases to 6”-13”
(Shetty et al., 2007). Though in principle the quadrature can accommodate a nonuniform bin width, we maintain ∆r=0.23 kpc throughout the disk and rely instead
on the allocation of information administered by regularization. We assert that, even
with our 4.5” radial bins, regularized TWR calculations are prevented from oversampling the data as long as any distinct regions parameterized by the models are larger
than the resolution.
As assessed in M08, we can expect departures from the nominal values of the parameters appearing in Equation 4.2 to introduce non-negligible errors into the TWR
solutions. Uncertainty in the major axis PA is the dominant source of systematic
error in the calculation, resulting in errors on the order of 20% in TWR pattern
speeds (M08). Since the kinematic parameters of M51 are notoriously difficult to
constrain, perhaps the greatest challenge to the accuracy of our solutions lies in the
accuracy with which we can constrain the quadrature.
To best equip the analysis in this capacity, then, we survey both our own derivations of the kinematic parameters and those from the literature. For the coordinates
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of the center of rotation and the disk inclination angle, for example, we rely on the
values from the study of Shetty et al. (2007). These we then adopt in fits of a tilted
ring model to the CO velocity field with the Groningen Image Processing System
(GIPSY) program ROTCUR to determine the systemic velocity and the kinematic
line of nodes (as well as the rotation velocity as a function of radius). The resulting
parameters (listed in Table 4.1) are consistent with most previous determinations.
Note, however, that rather than adopting the range of PAs (170◦ to 180◦ ) considered
by Shetty et al. (2007), we initially choose PA=170◦ ±5◦ . This is principally in order
that our results are more easily compared with the majority of studies on M51, especially those which entail estimates for the pattern speed. Additionally, for this study
we assume D=9.5 Mpc; with the alternative D=7.7 Mpc (more common to recent
studies), all distances reported here decrease by a factor of ∼0.2, while all pattern
speeds reciprocally increase.
According to the arguments in M08, we extend the unique quadrature established
with the values in Table 4.1 out to the map boundary ±ymax in order to insure that
all information critical for characterizing the patterns of interest is accounted for.
Since the emission extends (roughly East/West) out to ±ymax =145”, this defines the
maximum radial extent of the quadrature Rmax = ymax /cos α=7.3 kpc, and hence
p
the limit of integration along each slice ±Xi = Rmax − yi / cos α. Though this does

place Xi within the edge of the emission at small |y| (given the elongated emission in

this map from N to S and the low disk inclination), the radial range of the quadrature
is still comfortably outside the radius where the integrals converge.
As diagnosed by M08, with this fairly extensive quadrature solutions Ωp (r) are at
risk of regularization-induced bias. This bias is defined for the particular case when
bins cover a region that displays only faint emission, has little information from a
strong pattern, or is suspected of sustaining multiple patterns; when these bins are
prescribed an unrealistic model, the accuracy of the remainder of the solution can
be jeopardized.
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Evidence for regions in the outer disk of M51 susceptible to regularization-induced
bias are identifiable a priori in the intensity map and its Fourier power spectrum.
Later in § 4.5.2 where we address this bias and its signatures, we adopt the countermeasure developed by M08 wherein the compromised bins are calculated without
regularization. This imposes the additional parameterization of a cut radius rc on
our model solutions, interior to which regularization proceeds as defined in equation
4.3. (See M08 for a description of the calculation and analysis in this case.) In
practice, we unregularize only as long as we can insure the sustained effectiveness
of regularization in the rest of the calculation, given that an increased number of
unregularized bins promotes the reintroduction of unamendable propagating noise.
In order to test for the possibility of multiple pattern speeds and/or winding, models additionally parameterize either single or multiple distinct radial domains over
which the solution can vary as zeroth, first or second order polynomials. Though in
general we test all possible models at each stage of the analysis, in some cases we
restrict our consideration to only those polynomials for which the degree of freedom
plus 3-4 bins does not exceed the number of bins in a given domain.

4.5
4.5.1

M51: Results
Isolating the inner structure pattern speed

As in previous applications of the method, we make use of a priori information to
develop physically motivated models for Ωp (r). And as with all such models, in order
that they supply rigorous estimates we must also account for evidence suggesting
susceptibility to regularization-induced bias. In the surface brightness (Figure 4.1)
and its Fourier decomposition (Figure 4.2) we identify a region outside r∼4 kpc, in
particular, where both the surface brightness and power in the m=2 component are
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Figure 4.2 Fourier power spectrum of the moment zero map shown in Figure 4.1.
Modes up to m =4 are plotted as a function of radius with lines for m =1 in black
dash-dot, m =2 in red dash, m =3 in green solid, and m =4 in blue dash-dot-dot-dot.

low, an indication that the information to be extracted there is potentially unreliable
and difficult to constrain through modeling.
This is manifest in solutions for which regularization is employed throughout the
full extent of the emission. Bins at large radii in the lowest-χ2 solutions exhibit a
significant degree of variation in their modeling, confirming that constraining the
outer pattern speed is difficult. According to the conclusion drawn by M08 in tests
of the regularized TWR calculation on simulations, this challenges the accuracy
with which all inner bins can realize the true pattern speed. We therefore initially
consider models which parameterize a cut radius rc =4.1 kpc, beyond which all bins
are calculated without regularization. In testing, we find this cut radius to coincide
with a clear minimum in the χ2 , with all other best-fit parameters held fixed.
A second, shallower minimum at rc =5.3 kpc is also compelling, and we consider
its parameterization in models of Ωp (r) in the analysis that follows, as well. This
location may well be reasonable for the separation of the patterns given that it seems
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to match expectations for the location where the outer, material pattern begins. We
cite in particular the study of Elmegreen et al. (1989) who, like Tully (1974), argue
that OLR occurs at the termination of the bright, inner spiral structure and in the
pretext of mode-coupling therein identify an overlap between the CR of the inner
pattern with the ILR of a 10-20 km s−1 kpc−1 outer pattern (e.g. that first proposed
for the material pattern by Tully (1974)). This places the the innermost extent of
the material pattern at r∼6.0 kpc (adopted into the distance convention used here).
Vogel et al. (1993) also argue for a similar corotation radius based on observations of
streaming motions in the ionized gas component of the ISM. And while this does not
locate the inner extent of the outer pattern, it nevertheless implies that the outer
arms are separate from, and have a lower pattern speed than, the inner arms (Vogel
et al., 1993). Consequently, it is consistent with the conclusion of Elmegreen et al.
(1989).
A transition from an inner to an outer pattern is also recognizable in the tidal
perturbation-only model of Salo & Laurikainen (2000b). There, an independent
spiral pattern with corotation near r=4.6 kpc is found to be followed by structure at
the lower 10-20 km s−1 kpc−1 pattern speed. Any resonance overlap, however, they
argue is likely coincidental since the value of the higher, inner speed is associated
with the maximum in Ω-κ/2, while the lower speed is determined mainly by external
forcing.
In addition, as revealed in the sections to follow, while results with rc =4.1 kpc
indicate much higher speeds (∼50-100 km s−1 kpc−1 ) than the TW method (Ωp =38
km s−1 kpc−1 ), with rc =5.3 kpc solutions measure a much lower speed exterior to
r≃4 kpc, at least qualitatively more consistent with the gross overall speed estimated
with the TW calculation.

4.5.2

Best-fit models
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Figure 4.3 The best-fit regularized solution with rc =4.1 kpc for PA=170◦ +/-5◦ . For
this solution, bins exterior to r=4.1 kpc (not shown) have been calculated without
regularization. Dashed red lines represent the difference from solutions derived with
a two-pattern speed model at PA=165◦ and 175◦ . Horizontal error bars represent the
dispersion in rt,1 and rt,2 from PA to PA. The values in the zone of the bright spiral
structure correspond to Ωp,1 =90-27/+20 km s−1 kpc−1 (or Ωp,1 =63 km s−1 kpc−1
at PA=175◦ and Ωp,1 =110 km s−1 kpc−1 at PA=165◦ ) out to rt,1 =2.1±0.3 kpc
and Ωp,2 =50+9/-11 km s−1 kpc−1 (or Ωp,2 =59 km s−1 kpc−1 at 175◦ and Ωp,2 =39
km s−1 kpc−1 at 165◦ ) out to rc . Curves for Ω, Ω±κ/2 and Ω-κ/4 (see § 4.5.5) are
shown in gray.

When we minimize the influence of the suspected material pattern in the TWR
solutions by calculating the bins in the outer zone without regularization, we in principle maximize the leverage on the inner structure. In doing so, we find the data at
the nominal PA to be well fit by two distinct pattern speeds interior to rc =4.1 kpc.
The overall pattern speed solution with PA uncertainty δP A =±5◦ , to be discussed at
length below, is represented in Figure 4.3. Following the treatment of M08 for constructing errors on the measurement from a particular observational scenario, error
bars represent the dispersion of the parameters in the best-fit solution derived with
a two-pattern speed model at PA=165◦ , 170◦ and 175◦ . As will be discussed further
in § 4.5.5, these two pattern speeds both end at corotation, within the uncertainties.
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Figure 4.4 The best-fit regularized solution with rc =5.3 kpc for PA=170◦ +/-5◦ . For
this solution, bins exterior to r=5.3 kpc (not shown) have been calculated without regularization. Dashed red lines represent the difference from solutions derived
with a three-pattern speed model at PA=165◦ and 175◦ . Horizontal error bars
represent the dispersion in rt,1 and rt,2 from PA to PA. The values in the zone
of the bright spiral structure correspond to Ωp,1 =96-26/+16 km s−1 kpc−1 out to
rt,1 =2.3±0.1 kpc, Ωp,2 =51+7/-11 km s−1 kpc−1 out to rt,2 =3.9±0.4 kpc and Ωp,3 =237/+6 km s−1 kpc−1 out to rc (where errors on each speed are expressed in the convention of the caption to Figure 4.3). Curves for Ω, Ω±κ/2 and Ω-κ/4 (see § 4.5.5)
are shown in gray.

To quantify the relative benefit of the two-pattern speed solution, in Table 4.2 we
list the χ2ν estimate for several model solutions calculated over all slices in the TWR
quadrature. In this table we also consider a χ2ν over slices in the zones 0<|y|<2.3
kpc and 2.3<|y|<4.1 kpc at the nominal PA. We expect the <v> for slices in each of
these zones to predominantly reflect measurements in the radial bins r=|y|, so these
separated χ2ν (labeled χ2ν,s hereafter) should provide a fair comparison of Ωp (r) from
model to model at these radii. (Note, however, that all outer bins also appear in the
<v> reproduced by solutions in these zones.)
The χ2ν fit over all slices principally suggests that the two pattern speed solution
and the single, constant speed solution yield better agreement with the data than
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Figure 4.5 Plots of Rsolution-reproduced (dots and crosses) and actual (open circles)
integrals <v>i =bi / Σdx as a function of slice position y at PA=170◦ . The values
associated with the best-fit two-pattern speed solution calculated with rc =4.1 kpc
(black dots) are plotted along with those of the order-zero polynomial solution with
constant pattern speed Ωp =55 km s−1 kpc−1 (red crosses; left panel) and the second
order polynomial solution (red crosses; right panel).
the quadratic solution. For the former two solutions, the χ2ν values are nearly indistinguishable at this PA (see the last column in Table 4.2). From the χ2ν,s , on the
other hand, it is clear that inside r≃2 kpc the fit of the two pattern speed solution
is significantly better than that of the constant speed.

Figure 4.6 Plots of the residuals in <v> reproduced by the solutions considered above
(left: black dots for the best-fit, red crosses for the constant solution; right: black
dots for the best-fit, red crosses for the quadratic solution). The adopted global
error σ <v> is shown in the upper right in each plot. Only those slices which show a
contribution from bins inward of rc =4.1 kpc are shown.
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Comparisons with the <v> reproduced by the best-fit two-pattern speed model
clearly demonstrate the incompatibility of the constant speed model, as shown on
the left side of Figures 4.5 and 4.6. There, the <v>i (Figure 4.5) and residuals
(Figure 4.6) at each slice position reproduced by the best-fit solution are plotted
along with those reproduced by the best polynomial solution with constant pattern
speed Ωp =55 km s−1 kpc−1 calculated over the same radial zone. In the latter case, a
greater departure from the measured values is readily apparent at slices inside |y|∼2
kpc as compared with the best-fit solution, which transitions from an outer speed of
Ωp =50 km s−1 kpc−1 to an inner speed of Ωp =90 km s−1 kpc−1 at rt =2.3 kpc. In
fact, the constant solution fits the data better than the two-speed solution in only 2
of the 23 such slices.
In constrast, the quadratic solution with rc =4.1 kpc at PA=170◦ , which declines
smoothly with radius from ∼95 km s−1 kpc−1 , grants nearly comparable agreement
with the measured values that the two pattern speeds entail, over a number of slices.
However, the fit of this solution weakens at slices between |y|∼2.3-4 kpc (clear from

the χ2ν,s ), raising its χ2ν well above that of the two-speed model.

By comparison, then, it would seem that the two-pattern speed solution presents
the best fit for slices at both small and large radii (in slices |y|≤4 kpc).

4.5.2.1

Extended models

When the regularized zone 4.1<r<5.3 kpc is included in solutions, the best-fit solution once again measures two pattern speeds inside 4 kpc, but now a third, distinct
pattern speed is also parameterized. Figure 4.4 plots this best-fit solution, where,
again, error bars are defined by the dispersion in the lowest-χ2ν solutions derived with
a three-pattern speed model at PA=170◦ , 165◦ , and 175◦ .
According to the χ2ν,s in Table 4.2 for solutions with rc =5.3 kpc, in both inner and
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outer zones this best-fit solution is superior to a two-speed solution which transitions
from a single constant 62 km s−1 kpc−1 pattern speed inside 3.2 kpc to a lower 20
km s−1 kpc−1 speed and also, once again, to either of the two polynomial solutions
considered here.
The quadratic solution (decreasing from 180 km s−1 kpc−1 ) fits relatively well
in the innermost bins, but overall the fit is now less comparable to that provided
by solutions measuring three pattern speeds. The agreement between the constant
model solution-reproduced <v> and the data also weakens, relative to the best-fit
solution, especially inside r=4 kpc. This can be attributed to the decrease in the
value measured with the constant model, from Ωp =55 km s−1 kpc−1 with rc =4.1 kpc
to Ωp =27 km s−1 kpc−1 with rc =5.3 kpc. Incidentally, this is a clear indication that
not only is the pattern speed in the zone 4.r.5 kpc lower than Ωp =55 km s−1 kpc−1 ,
but as such undeniably influences all bin values calculated inward with this type of
model, thereby interfering with accurate measurement interior.
In contrast, when the zone 4.r<5.3 kpc is distinct and isolated, multi-speed
models are nearly free of such inaccuracy. In both the two- and three-speed solutions with rc =5.3 kpc, the inner pattern speeds are nearly identical to the values
measured in solutions with rc =4.1 kpc. This seems to suggest that, despite the evidence in Figures 4.1 and 4.2 that information beyond r≃4 kpc is not conducive to
modeling and extraction, the determination in the third zone is fairly accurate.
This equivalence inside r≃4 kpc to the pattern speeds measured in the solutions
with rc =4.1 kpc derives in practice through the parameterization of a transition at
r≃4 kpc. This establishes an identical radial domain for the inner speeds in the solutions with rc =5.3 kpc and 4.1 kpc. The transition rt,1 ∼2.3 kpc in the three-speed
solution as such yields the greatest similarity to the best-fit two-speed solution with
rc =4.1 kpc.
Moreover, according to Equation 4.2, rigorous measurement inside 4 kpc in principle also owes to accurate measurement for the pattern speed in the zone 4.r.5
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kpc. As inferred above, the measurement Ωp,3 =20 km s−1 kpc−1 is in fact lower than
all measurements interior. Presumably, it is the value in this zone that contributes
to the measurement of the rather low TW value 38 km s−1 kpc−1 (Zimmer, Rand &
McGraw, 2004).
Even if the measurement for a distinct speed in the zone 4.r.5 kpc is a good
description of the pattern there, since all χ2 are lower in solutions with rc =4.1 kpc
than with rc =5.3 kpc, we take this as an indication that calculating bins in the zone
4.1 <r<5.3 kpc without regularization does not reintroduce noise into solutions.
Consequently, solutions with rc =4.1 kpc should yield the more accurate description
for structure in the zone r.4 kpc. This analysis therefore at best indicates that
within rc =4.1 kpc the data at the nominal PA are well fit by two pattern speeds. In
addition, though, it seems possible to extend the multi-speed model’s estimate for
Ωp (r) to 5.3 kpc without loss of validity, and this appears to be a good approximation
to the pattern speeds of the structure across this zone.
Future high-resolution CARMA observations of M51 should enable the TWR
measurements inside r.4 kpc to be more clearly distinguished, especially at the innermost radial bins. Presently, however, it is nevertheless clear that with the radial
calculation at PA=170◦ we measure a pattern speed for the bright spiral structure in
the zone r.4 kpc higher than the global ∼38 km s−1 kpc−1 found by Zimmer, Rand
& McGraw (2004), also at PA=170◦ . Interestingly, our measurement of a higher
inner speed resembles the lower bound on such a pattern available with the TW
calculation, Ωp ≥88 km s−1 kpc−1 (Zimmer, Rand & McGraw, 2004).

4.5.3

Dependence on PA

We expect the rather large PA uncertainty δP A =±5◦ to introduce significant variation in the values measured at the nominal PA; in the previous section, we used this
to define the error in the measurement of the best-fit parameters for PA=170◦ . But
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Figure 4.7 Best-fit regularized TWR solutions at three PAs (PA=165◦ , 170◦ , and
175◦ ). Solutions calculated with both rc =4.1 kpc and 5.3 kpc are plotted, with the
latter shown in thinner line. In these solutions, bins exterior to rc (not shown) are
calculated without regularization. The solutions from PA=165◦ , 170◦ , and 175◦ are
shown in blue dash-dot, green dash and red solid, respectively. Values and domains
of the pattern speeds in solutions at each PA are given in Table 4.3.
TWR solutions from PA=165◦ and 175◦ themselves additionally indicate a departure
from the parametrization characteristic of the lowest χ2ν solution measured at 170◦ .
When we identify the best-fit solutions strictly by their χ2ν over all slices at each
PA–rather than restrict our consideration at PA=165◦ and 175◦ to pattern speed
solutions optimal at PA=170◦ –we find that the values and domains of the best-fit
pattern speeds vary from PA to PA. Figure 4.7 shows the best-fit solutions at the
three PAs, the values and χ2ν for which are given in Table 4.3. There, solutions with
rc =5.3 kpc at PA=165◦ and 175◦ , unlike at PA=170◦ , measure at most two distinct
pattern speeds. More notably, although the best-fit solution with rc =4.1 kpc at 165◦
measures two pattern speeds, at 175◦ no unique pattern speed is measured inside
r.2 kpc.
Model comparisons based on χ2ν over all slices and the separated χ2ν,s diagnostic
(Table 4.3) demonstrate the degree to which these best-fit solutions differ from those
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Figure 4.8 The best-fit regularized solution for PA=175◦ ±5◦ and rc =4.1 kpc (5.3
kpc). Dashed red lines represent the difference from solutions derived with a one(two-)pattern speed model at PA=170◦ and 180◦ (the best fit functional forms at
PA=175◦ ). Horizontal error bars represent the dispersion in rt calculated in solutions
with rc =5.3 kpc from PA to PA. Where rc =4.1 kpc, the value in the zone of the
bright spiral structure corresponds to Ωp,1 =59-7/-3 km s−1 kpc−1 out to rc =4.1 kpc
and where rc =5.3 kpc (shown in thinner line), Ωp,1 =64-2/+15 km s−1 kpc−1 out to
rt =3.7±0.2 and Ωp,2 =11+2/+9 km s−1 kpc−1 out to rc =5.3 kpc (with errors on each
speed expressed in the convention of the caption to Figure 4.3). Curves for Ω, Ω±κ/2
and Ω-κ/4 (see § 4.5.5) are shown in gray.
at the nominal PA. At 165◦ , for instance, the χ2ν for solutions with rc =5.3 kpc suggest
that three pattern speeds are nearly indistinguishable from the best-fit solution. The
χ2ν,s confirms that the third zone in solutions with rc =5.3 kpc is fit equally as well by
a third pattern speed as by the second speed in Figure 4.7. (Inside r∼4 kpc, the χ2
(and speeds) of the three and two speed solutions are nearly identical.) Furthermore,
where rc =4.1 kpc two pattern speeds fit the data significantly better than a single,
constant pattern speed.
At PA=175◦ , too, judged overall by the χ2ν , three (two) distinct pattern speeds
seem to fit nearly as well as the best-fit solution with rc =5.3 kpc (4.1 kpc). From
the χ2ν,s it is apparent that, for rc =5.3 kpc two pattern speeds inside r≃4 kpc fit the
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inner two zones significantly better than the single pattern speed shown in Figure
4.7. However, the χ2ν,s in the third zone of this triple pattern speed solution is rather
high; the small 11 km s−1 kpc−1 difference in the speeds measured inside r∼4 kpc
therefore seems available only at the expense of accuracy in third pattern speed. Furthermore, for rc =4.1 kpc the distinction between the two pattern speeds measured
inside r≃4 kpc weakens; the two in this case are nearly identical to the constant
value (such that the χ2ν (and χ2ν,s ) of both solutions are comparable). Overall, then,
Table 4.3 supports a conclusion that the data at 175◦ are at best consistent with a
single constant pattern speed inside r∼4 kpc.
This apparent preference for the measurement of a constant pattern speed at
PA=175◦ may suggest a phenomenological difference in the projection of asymmetries (both intensity and velocity) from that in the 170◦ case. For example, at
PA=175◦ , and also at a higher PA=180◦ , <v> measurements in slices |y|<2.3 kpc
are about ∼50 % smaller than at PA=170◦ , a significant difference given the flux
error for these slices. While this is consistent with expectations for the large change
in TW integrals introduced by a change in the PA (e.g. from a nominal δP A =0◦ ;
Debattista 2003), the smaller projected streaming velocities in this case may be
more difficult to extract with the TWR calculation, and lacking strong signatures,
reproducing the higher pattern speed measured at 165◦ and 170◦ may therefore be
improbable at 175◦ . In effect, the single measured speed inside r≃4 kpc at PA=175◦
may therefore reasonably describe two pattern speeds with significant error in each;
this speed is nearly consistent with the solution plotted in Figure 4.3 with the errors
defined by the PA uncertainty.
Critically, however, the data admit both PA=170◦ and PA=175◦ , and according
to the findings of Shetty et al. (2007) addressed in section 4.5.6, the latter may be
arguably more valid at the inner radii than our chosen 170◦ . In this case, if, as
might be indicated by the analysis of Shetty et al. (2007), the PA does not reach the
assumed 170◦ until r≃3 kpc, rather than measuring a distinct pattern speed, Ωp,1
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could thus be interpreted as simply identifying the region in the disk where the assumed PA is inappropriate. Furthermore, by the same token as above, the large (by
comparison) <v> at 170◦ may themselves reflect a misrepresentation of velocities in
projection from the 175◦ case. Consequently, if choosing 170◦ introduces streaming
motions that are unreal, the two pattern speeds measured in the best-fit solution at
170◦ could just as persuasively reflect a large PA error introduced into the measure
of a single constant pattern speed.
Since solutions at the two PAs indicate quite independent radial behaviors, we
include here an estimate which may be more appropriate for a nominal PA=175◦ .
Figure 4.8 plots solutions with rc =4.1 kpc and rc =5.3 kpc for PA=175◦ +/-5◦ where
we have fixed the functional form of solutions at PA=170◦ and 180◦ to that of the
best-fit 175◦ solution. (These solutions are also the best-fitting at PA=180◦ ; for 170◦
the multi-pattern speed solutions in the previous section are otherwise best). Note
that the values inside r≃4 kpc are only slightly modified with the inclusion of the
zone 4.1<r<5.3 kpc.

4.5.4

The state of current measurements

Although the PA of the disk is ambiguous, for the particular case of a single assumed
PA=170◦ , the majority of our analysis leads us to consider the solution in Figure
4.3 a fair representation of the (isolated) inner disk. As stated previously, the errors
represent PA uncertainty introduced to the parameters of the best-fit solution derived at the nominal PA with a two-pattern speed model. This uncertainty δP A =±5◦
defines 22% and 16% error on the pattern speed estimates Ωp,1 and Ωp,2 , respectively,
and 14% error in the transition rt , all reasonable with regard to the standard set by
the study of Debattista (2003).
According to the study of Meidt et al. (2008a), part of this error can be expected
to have originated with limitations in determining the location of the transition be-

119

Chapter 4. Radial Dependence in the Pattern Speed of M51
tween the two patterns (assuming they exist), as a result of the finite radial bin width.
In addition, for the inner pattern speed additional uncertainty may arise given the
disparity between the inner extent of the solution and that of the true, dominant
two-armed pattern, which in the surface brightness terminates at the ring-like structure at r∼0.6 kpc. If structure inside r≃1 kpc, perhaps like that identified in the
near-IR by Zaritsky, Rix & Rieke (1993), contributes to the calculation with a unique
pattern speed in this zone, our measurement Ωp,1 would represent a combination of
this value with that for structure out to r∼2 kpc. (Note, too, in this case, Ωp,1 would
also mis-estimate the true pattern speed between 0.6.r.2.0 kpc.) Unfortunately,
identifying whether or not an additional, unique pattern exists inside r∼1.0 kpc, or
even establishing an innermost extent for the measure Ωp,1 is currently beyond our
capability; the total degrees of freedom for even the lowest order polynomial exceed
the number of available bins in the innermost radial zone.
Presently, the pattern speeds in the best-fit solution at PA=170◦ in general tend
to be arranged adjacent to the angular rotation curve (or perhaps even along the
curve Ω − κ/4; see Figure 4.3 or Figure 4.4 showing rotation curves established in
§ 4.5.5), much as if identifying a propensity towards a material pattern description.
Rather than furnish a description for arms that are material and winding, however,
we note that the very alignment of multiple pattern speeds with the disk angular
rotation may relate to an underlying mechanism governing the existence and maintenance of structure in the disk. In one interpretation, the succession of corotation
radii implied by the best-fit solution might be an indication of resonance overlap, as
discussed inconclusively in § 4.5.5. Associated with mode-coupling, this would allow
quasi-static spiral structure to be maintained over a large portion of the disk (Sygnet
et al., 1999) while transporting energy and angular momentum outward.
Our TWR solutions furthermore seem unlike what might be expected for transient
density waves, with description deriving from the propagation of tidal perturbations
studied by Salo & Laurikainen 2000b. For example, although their range of appli-
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cability seems limited to the innermost radii (but taken as an approximation to the
best-fit multi-speed solutions) the bin values in the current set of quadratic solutions
are much closer to the angular rotation of the disk than Ω − κ/2, near which much of
the m=2 structure in the models of Salo & Laurikainen (2000b) achieves its greatest
amplitude.
In order to best establish the extent to which the TWR solution in Figure 4.3
is truly a valid description of the bright spiral structure, in the section immediately
following, and in §§ 4.5.6 to 4.5.7, we relate the radial dependence exhibited by the
solution to observed morphological and kinematic structure. The inner disk of M51
has been suggested to sustain radial variation in the PA (Shetty et al., 2007) and an
additional m=3 mode (Henry et al., 2003), both of which undeniably challenge the
authenticity of the TWR solutions, and so we address the possible influence of each
of these in turn.

4.5.5

Possible complimentary evidence for multiple pattern
speeds and indications of mode coupling

Though perhaps unexpected, the identification of a transition between two pattern
speeds in the inner disk seems supported by independent studies of the bright spiral
structure. At least two sections best fit with slightly different pitch angles ip have
been identified in both spiral arms, possibly the signature of two or more distinct
pattern speeds. Notably, the anisotropic wavelet approach of Patrikeev et al. (2006)
shows evidence for extreme departures from the conventionally adopted value ip =21◦ .
The maximum occurring nearly symmetrically in both arms at r∼2 kpc (see Figures
6, 7a and 8a in Patrikeev et al. 2006)–very near the transition rt identified in our
best-fit solution at PA=170◦ –is especially compelling since it may indicate more than
a simple departure from a logarithmic dependence. The transition rt,2 in Figure 4.4
also occurs near a maximum in ip . (To be sure, the other extrema in ip imply no
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such correlation). This analysis is largely consistent with the findings of Henry et al.
(2003) covering radii r.4 kpc which identify three arm sections each with a unique
ip .
Of course, a systematic error in deprojection, such as due to an incorrectly
adopted PA or inclination angle (or a radially varying PA, as considered in § 4.5.6)
could very well alone produce the effect measured by Patrikeev et al. (2006) (where
PA=170◦ ). A firm conclusion might therefore require a better understanding of how
a change in pitch angle at a given radius relates to a change in pattern speed, for
instance (assuming that the spirals are indeed logarithmic).
The transition between two patterns inside r ≃4 kpc indicated in our solution also
seems significant given that it coincides with features in the zeroth moment map’s
Fourier decomposition (Figure 4.2); as at r∼4 kpc, the power in the m=2 mode is
characterized by a decline at r∼2 kpc possibly marking the termination of a distinct
structure. (The same can be inferred at 4 kpc which coincides with the transition
rt,2 in the three-pattern speed solution.)
Perhaps more compellingly, the transitions parameterized in our solutions at 170◦
also appear to coincide with resonances, as illustrated in Figures 4.3 and 4.4. This,
of course, would seem to depend largely on the assumed rotation curve. As first
demonstrated by Tully (1974), streaming motions appear non-negligibly in the rotation curve of M51, making the true circular velocity difficult to constrain. As
more recently cataloged by Shetty et al. (2007), all other kinematic parameters are
likewise susceptible to such errors, and so rotation curves generated with them are
prone to inaccuracy. To reduce the impact of streaming motions (and perhaps other
systematic errors) on our resonance identifications, we fit our own ROTCUR-derived
rotation curve with the commonly used approximation (e.g. by Faber & Gallagher
1979)
Vrot (r) =

Vmax (r/rmax )

(4.5)

(1/3 + 2/3(r/rmax )n )3/2n
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which yields a smoothed curve for Ω. In this expression, Vmax is the maximum
rotational velocity, rmax is the location where Vmax occurs, and n determines how
rapidly the curve becomes Keplerian. Alternative fits (like that used on the inner
30” by Aalto et al. 1999) supply similar conclusions.
With the resulting curves for Ω, Ω − κ/2, Ω − κ/4, and Ω + κ/2 plotted in Figures
4.3 and 4.4 we highlight the possible locations for the corotation, inner Lindblad,
inner 4:1 ultraharmonic, and outer Lindblad resonances (or CR, ILR, UHR, and
OLR) for each measured pattern speed. Immediately we notice that both pattern
speeds in the solution with rc =4.1 kpc end at their CR within the uncertainties. This
circumstance is consistent with an early prediction for where spirals terminate (i.e.
Lin 1970), which later yielded to findings that spirals can extend as far as OLR, if
sometimes faintly (see Zhang & Buta 2007 and references therein).
In addition, the transition between the two pattern speeds appears to occur at
a resonance overlap. As demonstrated in Figure 4.3, the CR of Ωp,1 overlaps the
UHR of the pattern with Ωp,2 . Such coincidences have been identified in barred
spiral simulations of Rautiainen & Salo (1999) and Debattista et al. (2006). As
the former investigate, this overlap at resonance may be characteristic of non-linear
mode coupling (e.g. Tagger et al. 1987 and Sygnet et al. 1999) whereby energy
and angular momentum are transferred between the modes. But in contrast to the
CR-ILR overlaps studied by Masset & Tagger (1997b), which are accompanied by
boosted beat modes detectable in the simulation power spectra at the overlap, they
find no comparable evidence for mode-coupling in the case of the CR-UHR overlap.
(They suggest this overlap may nevertheless be related to a physical process.)
A CR-ILR overlap between Ωp,1 and Ωp,3 in the solution with rc =5.3 kpc, on the
otherhand, may be viable within the uncertainties. However, between Ωp,2 and Ωp,3
in Figure 4.4 a similar resonance overlap is not so clear; near the transition rt,2 CR
of Ωp,2 falls between the ILR and the UHR of Ωp,3 .
Figure 4.3 also exhibits a turnover in the curve Ω − κ/2, suggesting that patterns
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with angular speeds above the maximum lack an ILR. However, given uncertainty in
the rotation curve, this is difficult to constrain: while the angular frequency curves of
Tully (1974) indicate that Ω−κ/2∼47 km s−1 kpc−1 at the turnover (also reproduced
in the Salo & Laurikainen (2000b) model), we find that the maximum occurs at ∼75

km s−1 kpc−1 . (Our fit for Ω(r) may be slightly steep inside ∼1.0 kpc.) Nevertheless,

it is apparent for this solution that Ωp,1 lacks an ILR. This suggests that a (trailing)
wave with Ωp,1 can reflect from the center as a leading structure, a circumstance
complimentary to the Scoville et al. (2001) HST observations of central leading waves,
as pointed out by Salo & Laurikainen (2000b).

4.5.6

Effect of a radial variation in PA

From their analysis of the CO and Hα kinematics, Shetty et al. (2007) find evidence
for large non-zero radial flux (as measured by the mass/surface brightness-weighted
radial velocity) in radial ranges that depend on the choice of PA. From Figure 18 of
that study, in particular, Shetty et al. (2007) speculate that mass flux could be conserved should the disk of M51 sustain a radially-dependent PA (and/or inclination).
This could be approximately achieved with PA=180◦ out to r∼1.8 kpc, PA=175◦ out
to r∼2.8 kpc and PA=170◦ out to r∼3.7 kpc. (The inclination angle, which might
also be expected to vary, is much harder to account for in the TWR calculation.)
If the PA does vary radially then the measurement in Figure 4.3 (or Figure 4.8)
could be affected by projection errors at certain radii. Note that a radially varying
PA implies a warp in the inner disk (which, if real, could be due to the presence of
the companion) and so the disk would also not meet the assumptions of the TWR
method. Interpreted in this manner, our finding of possible multiple pattern speeds
in the inner disk may be the result of such an effect.
We explore this possibility by allowing the PA to vary radially in the TWR quadrature according to the prescription given at the beginning of this subsection. For
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Figure 4.9 The best-fit regularized solution for the PA twist map with δP A =±2◦ and
rc =4.1 kpc (5.3 kpc) shown in thick (thin) line. (See text for a description.) Dashed
red lines represent the difference from solutions derived with a two-pattern speed
model best for the δP A =0◦ case; errors for the solution with rc =4.1 kpc are nearly
coincident with these lines and have been left off for clarity. Horizontal error bars
represent the dispersion in rt calculated in solutions with rc =5.3 kpc. Where rc =4.1
kpc, the value in the zone of the bright spiral structure corresponds to ΩPp A =61+4/1km s−1 kpc−1 out to rc =4.1 kpc and where rc =5.3 kpc (shown in thinner line),
ΩPp,1A =62±2 km s−1 kpc−1 out to rt =3.8±0.5 kpc and ΩPp,2A =18±2 km s−1 kpc−1 out
to rc =5.3 kpc (with errors on each speed expressed in the convention of the caption
to Figure 4.3). For there solutions, bins exterior to rc (not shown) are calculated
without regularization.

simplicity, we retain i=24◦ throughout the disk and let PA=170◦ at all radii beyond
r∼3.7 kpc. Figure 4.9 shows the best-fit solutions with rc =4.1 kpc. Errors represent
a residual PA uncertainty δP A =±2◦ estimated from Figure 18 of Shetty et al. (2007).
Interestingly, inside rc =4.1 kpc the global pattern speed ΩPp A =62±2 km s−1 kpc−1
closely resembles the measurement at PA=175◦ (Figure 4.8). The best-fit solution
with rc =5.3 kpc (ΩPp,1A =62±2 km s−1 kpc−1 out to rt =3.8±0.5 kpc, ΩPp,2A =18±2
km s−1 kpc−1 out to rc ) also resembles that at 175◦ , and here the pattern speed
in the zone 4.r.5 kpc does not seem to be the result of an incorrectly assumed PA
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(i.e. PA=170◦ instead of 165◦ ); extending the twist by another 5◦ at radii greater
than r=3.7 kpc produces little change in the calculated solutions.
That the estimates in Figures 4.9 and 4.8 are so similar seems to suggest the
twist solution is less a manifestation of the PA twist than an indication that the PA
assumed here inside r≃3 kpc is everywhere closer to 175◦ than 170◦ . The mean PA
of the twist is 175◦ , so it may be reasonable to infer that the twist solution predominantly reflects information nearly identically to the 175◦ case. Solutions at 180◦ , too,
are very similar to those at 175◦ , as indicated by the estimate assembled in Figure
4.8.
Since imposing the twist does not seem to introduce a novel character to the TWR
measurement, by extension this leads us to conclude that the regularized TWR calculation is insensitive to minor radial variation in the PA (i.e. δP A =±5◦ over roughly
4 kpc), if real. However, if the disk PA is assertably closer to 175◦ than 170◦ , this
seems to reinforce the impression that the bright spiral structure may be best described by a single constant pattern speed.
Though compelling, we emphasize that this exercise should not be interpreted as
confirmation or denial of radial variation in the PA, nor as providing an unequivocal
measure for the pattern speed of the bright spiral structure. Critically, imposing the
twist tends to remove the most noticeable asymmetries in the velocity field, particularly within 60”, very much in the manner described previously for PA=175◦ . If
true signatures of pattern speeds have been obscured or eliminated at this PA, this
may prevent the measurement of a distinct pattern speed inside r∼2.0 kpc.

4.5.7

Relation to m=3 structure

In principle, TWR measurements at either PA=170◦ or 175◦ may reflect signatures
of patterns other than those of the bright two-armed structure alone. The Fourier
power spectrum of the surface brightness reveals rich structure in the disk of M51,
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much of it coexisting over roughly 2 kpc in the inner disk. In this section we review
the particular possibility that weak m=3 structure identified by Rix & Rieke (1993)
out to ∼2.5 kpc contributes with a unique pattern speed to our TWR solutions.
Only if all structures in the same radial zone have identical pattern speeds will
the TWR calculation accurately reflect this sole speed; given a surface brightness
distribution which reflects two coincident contributions (say, from m=2 and m=3
structures) with unique time dependence (i.e. different pattern speeds), the TWR
calculation is currently unequipped to constrain either one or the other. Though
a generalization can be made under the assumption that both pattern speeds are
constant, it is beyond the scope of this work to develop either the TW or TWR
calculation appropriate to the situation.
For M51, it may be possible in the future to directly relate the velocity asymmetry
from arm to arm of the bright m=2 spiral structure identified by Henry et al. (2003)
to the presence of the m=3 mode, and to its pattern speed in particular. (Henry
et al. 2003 have already successfully demonstrated that the presence of the m=3
mode induces a systematic offset in the azimuthal positions of the two main arms).
This should allow us to establish the expected combination of speeds in the TWR
calculation; if the implied m=3 pattern speed is unlike the measure Ωp,1 found with
PA=170◦ , for example, this speed is presumably unshared by the m=2 structure.

4.5.8

Relation to Star Formation Laws in M51

Recent spatially-resolved measurements of the star-formation rate (SFR) in the disk
of M51 (Kennicutt et al., 2007) provide us with a test for the pattern speed solutions
at PA=175◦ and PA=170◦ and their implications. While these measurements are
fit well by the Schmidt law ΣSF R =ΣnH , Kennicutt et al. (2007) identify systematic
deviations from the alternative, kinematic law ΣSF R =ΣH /τdyn and suggest that this
law may be less applicable to star formation on local scales.
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In this section we therefore explore whether the evidence for a radial trend in
the kinematic Schmidt law explored by Kennicutt et al. (2007) can be suppressed
with the use of a dynamical time appropriate for spiral density waves (SDW),
τdyn =τSDW ∝ (Ω − Ωp )−1 , rather than the orbital time τorb ∼ Ω−1 valid away from
corotation. In the TWR solution plotted in Figure 4.4, for example, the presence
of multiple patterns with distinct pattern speeds corresponds to multiple corotation radii, and so one might not expect τorb ∼ Ω−1 to hold but within limited radial
domains. This may provide a compelling interpretation for the departures from linearity (expected for the kinematic Schmidt law) found by Kennicutt et al. (2007)
unique within the radial zones 0.6<r<2.3 kpc, 2.3<r<4.6 kpc, and 4.6<r<6.9 kpc
(adopted into our distance convention), which are also roughly parameterized in the
TWR triple pattern speed solution (Figure 4.4).

4.5.8.1

Description of the Test
◦

in FigWith the TWR pattern speed solutions under consideration thus far (Ω170
p
◦

in Figure 4.8) and data from Kennicutt et al. (2007), we
ures 4.3 and 4.4 and Ω175
p
inspect the quality and form of fits to the relation between ΣSF R and ΣH2 /τdyn using
for τdyn τSDW =2π/m(Ω − Ωp ). For comparison we also present results for the more
standard τorb =2π/Ω.
In this definition of τSDW , both pattern speed solutions are assumed to reflect
the pattern speed of the m=2 structure. In addition, we extend all pattern speed
estimates only as far as the radius where Ω − Ωp =0, to be followed directly by the
estimate exterior. This truncates the estimate at 175◦ inside r∼4 kpc, in particular,
which otherwise extends beyond its corotation radius (as demonstrated in Figure
4.8). Since our interest lies in exploring the radial trends in the region adherent to
our solutions, we apply fits only over points out to r=rc as given in the solutions for
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Figure 4.10 Dynamical time in units 108 yr as a function of radius in kpc given by
◦
175◦
170◦
=2π/(Ω −
) (red crosses) and τSDW
=2π/(Ω − Ω170
τorb =2π/Ω (green circles), τSDW
p
175◦
Ωp ) (blue triangles). Here, at all radii Ω is defined by the rotation curve model in
◦
◦
) is given by the solution with rc =5.3 kpc
(Ω175
§ 4.5.5 and the pattern speed Ω170
p
p
plotted in Figure 4.4 (4.8); pattern speed estimates from solutions with rc =4.1 kpc
yield qualitatively similar curves.
Ωp (r).
For the angular rotation Ω, we first adopt the rotation curve model in § 4.5.5,
which is also consistent with that of Sofue et al. (1999). But given our large uncertainty in the ROTCUR derived rotation velocities at radii r.1.5 kpc and the overall
ambiguity in the turnover both in curves Ω and Ω − κ/2, we also consider a two-fold
model which we identify as Ω∗ . Specifically, as a demonstration of the sensitivity
of the results at the inner most radii to Ω (not least because dτorb /dΩ ∝ Ω−2 and
dτSDW /dΩ ∝ (Ω − Ωp )−2 will be large where Ω is large), inside r=1.5 kpc we adopt
the parameterization of Aalto et al. (1999) for which we choose, as an extreme case,
Ω=145 km s−1 at dΩ/dr=0 (and the turnover in the curve Ω − κ/2 has value 20 km
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s−1 ), while at all radii beyond we assume the rotation curve model in § 4.5.5.
In this analysis we consider only the correlation between ΣSF R and the molecular
gas surface density ΣH2 , since, as suggested by the study of Rand (1993), the atomic
gas distribution in the case of M51, in particular, is likely determined by, rather than
an agent of, star formation. Also, Kennicutt et al. (2007) find that there is virtually
no correlation between the star formation rate and atomic gas surface densities.
As shown in Figure 4.10, the two pattern speeds entail two very distinct behaviors for τSDW across the disk, each characterized by significant departures from
τorb =2π/Ω. As expected, this divergence occurs where Ω≃Ωp , i.e. near corotation.
(With the two-fold model Ω∗ the behavior is qualitatively the same.) As discussed
in the next section, the differences in the radial dependence of τ displayed in Figure
4.10 correspond to differences in the radial grouping of data points in plots of ΣSF R
versus ΣH2 , as well in the empirically derived relations therein.

4.5.8.2

Results

To start with, bivariate least squares fits to apertures at radii 0.6<r<rc (in kpc) in
the Log-log plots shown in Figure 4.11 for the three definitions of τdyn imply quite
different SFR relations. Table 4.4 lists the parameters of the fits along with the χ2
value for each. (Note that, as found by Kennicutt et al. (2007) between ΣSF R and
ΣH , the total gas surface density, all three fits are inconsistent with a linear relation
between LogΣSF R and LogΣH2 ).
As is clear from the errors listed in Table 4.4 for each parameter of the leastsquares fit (which represent the deviation from this parameter in fits to only those
apertures in the radial zones identified above), the three τdyn moreover entail differing degrees of variation from zone-to-zone. First consider the first and fourth rows
corresponding to τSDW defined by solutions with rc =4.1 kpc and 5.3 kpc, respectively, and where Ω as defined in §4.5.5 has been assumed. The error in b indicates
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◦

175
than for either τorb
a larger difference in the slope from zone-to-zone for fits to τSDW
◦

170
or τSDW
.
◦

175
, where either rc =4.1 kpc or 5.3 kpc, are also characterized by larger
Fits for τSDW

fractional errors and slightly higher χ2 than for the other two definitions of τ . But,
these χ2 (which largely reflect the high degree of scatter about the fit clear in Figure
4.11 for points between r ∼2 and 4 kpc) do not necessarily indicate that the estimates for Ωp (r) at 175◦ are less applicable than at 170◦ . Though the pattern speeds
estimates in this zone are arguably distinct in solutions with rc =5.3 kpc, in solutions
with rc =4.1 kpc the estimates are less than 8 km s−1 kpc−1 different, with Ω175
p

◦

◦

. Since dτSDW /dΩp =2π/(Ω − Ωp )2 , a small change in the
within the errors of Ω170
p
pattern speed estimate can result in a substantial change in τSDW , especially near
corotation. Consequently, the scatter close to r≃4 kpc (or 2 kpc) is not a feature
unique to the solution at 175◦ .
Given the greater difference in the estimates at the two PAs in solutions with
rc =5.3 kpc, however, the degree of scatter in the bottom right of Figure 4.11 plausibly demonstrates that a lower pattern speed (like that at 170◦ ) is more appropriate.
Note that this scatter does not seem to be a consequence of our redefinition of the
pattern speed estimate at 175◦ ; while the TWR solution at 175◦ clearly suggests that
the lower pattern speed is not reached until well beyond corotation of the higher inner speed, the scatter about the fit to apertures inside the inner pattern’s corotation
radius is still high.
◦

175
The scatter in the fits for τdsw
notwithstanding, since this definition otherwise

entails even less uniformity from zone to zone than the other two dynamical times,
this pattern speed solution seems less capable of providing the quality of fit that
◦

170
or τorb can for the type of kinematic correlation considered here.
either τSDW

The degree of radial variation in the correlation between ΣSF R and ΣH2 , on the
◦

170
and τorb (the despite the differences in χ2 ).
other hand, is quite comparable for τSDW

At the very least, this suggests that this τSDW is as applicable in the kinematic SFR
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law for M51 as τorb . However, we also find that the relative benefit of the two seems
to rely on the adopted rotation curve. In rows two and five in Table 4.4 corresponding to Ω∗ , all fits demonstrate slightly less variation from zone-to-zone; the primary
effect of Ω∗ is to increase the slope inside r≃1.5 kpc (and leave all other points un◦

170
, in particular, although the radial variation from zone-to-zone
changed). For τSDW

is comparable to τorb out to 5.3 kpc, inside r≃4 kpc it yields a more uniform fit than
◦

175
entails less suppression of the radial trend than either of the other
τorb . Again, τSDW

two dynamical times.
Since our uncertainty at the inner most bins nevertheless remains high, we also
consider fits restricted to only those apertures outside r=1.5 kpc. Notably, as quantified in the third and sixth rows of Table 4.4, the radial trend in the data over this
◦

170
relative to that in the case of τorb ,
zone is suppressed with the definition of τSDW

where there is overall more variation in the estimate for the slope b. (The larger
variation in the intercept a over these zones presumably reflects the greater scatter
in points, given the small deviation in the slope.) Furthermore, as is evident in
◦

170
are characterized by a greater overlap of points at these
Figure 4.11, fits with τSDW

radii, while points plotted with τorb are radially segregated, given the the roughly 1/r
◦

170
.
dependence of Ω. This behavior stems from the particular non-uniqueness in τSDW
◦

170
yields the correlation between ΣSF R
Interestingly, between r=1.5 and 5.3 kpc, τSDW

and ΣH2 closest to linear.
Although the analysis in this section is inconclusive, it serves as an illustration of
how a dynamical time appropriate for spiral density waves can influence the kinematic
correlation between the star formation rate surface density and the (molecular) gas
surface density. We find it interesting that, depending on the adopted rotation curve,
the behavior in Ω − Ωp can supply conformity with a Schmidt law ΣSF R =ΣH2 /τdyn ,
as well as (and possibly better than) the standard τorb . Since the SDW dynamical
time also implies greater overlap between points at all radii, this analysis may grant
a meaningful perspective on the correlation between gas and star formation.
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Of course, this exercise also demonstrates the sensitivity of the kinematic SF
correlation to the pattern speed defining the spiral density wave dynamical time.
◦

170
(characterized by divergence near
Specifically, given the radial dependence for τSDW

r=2 kpc and again at 4 kpc; Figure 4.10) the pattern speed estimate at 170◦ tends
to support a more uniform relation across the disk than does the estimate at 175◦ .
◦

170
is at best very similar to τorb , the authenticity of one definition
Even though τSDW

of τdyn over another must be tempered by the validity of the Schmidt law found here,
which lacks a complement in observations of other molecule-dominated galaxies and
is not well constrained at large radii where the CO flux tends to be low (and where
the errors are largest). The possibility for the existence of real deviations from the
trends between ΣSF R and ΣH2 , especially at small radii, must also be considered.
We refer the reader to the careful consideration of the effects that might cause real
variation on local scales given by Kennicutt et al. (2007), specifically those remarks
on the central regions; the possibility for an increase in the dust absorption of ionizing photons or a changing CO-H2 conversion factor at the highest metallicities, for
instance, may especially challenge the significance of this analysis.

4.6

Conclusion

In this chapter (paper:Meidt et al. 2008a) we present regularized TWR solutions for
the pattern speed of the bright spiral structure in the inner disk of M51, derived
with velocity and intensity information from the ISM-dominant molecular component traced by high-resolution CO observations. These solutions are arrived at by
isolating the inner disk from errors which evidently originate with both the quality
of sampling/detection and the pattern speed-modeling in bins covering the outer,
material pattern. So although our procedure prevents us from constraining the outermost pattern speed, calculating the outer bins without regularization in principle
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improves the accuracy with which the solution for the inner disk can realize the true
pattern speed.
Our primary result with this implementation is the measurement inside 4 kpc
of two pattern speeds, both significantly higher, and together fitting the data better, than the constant global measure of Zimmer, Rand & McGraw (2004) at the
nominal PA=170◦ . A third, lower pattern speed, extending beyond 4 kpc out to
(at least) 5.3 kpc is also detected, nearer the speed expected for the material pattern. Significantly, the transitions between the measured pattern speeds coincide
with resonances; the two pattern speeds inside 4 kpc both end at corotation within
the uncertainties. Since it is in no way imposed by the method, this dynamically
reasonable scenario tends to give us confidence as to the physical plausibility of the
pattern speeds returned by the analysis.
Of course, given that a pattern speed interior to r≃2 kpc is only weakly detected
(if at all) at PA=175◦ , the accuracy of the description provided by two pattern
speeds may depend on whether PA=170◦ or PA=175◦ is more accurate, an uncertainty raised by Shetty et al. (2007), for instance. If the disk is best described with
PA=175◦ , we find evidence that a single constant pattern speed inside 4 kpc best
characterizes the bright spiral structure. Furthermore, as contemplated in § 4.5.6, a
radially varying PA which decreases from 180◦ (and reaches 170◦ near 3 kpc), perhaps suggested by the results of Shetty et al. (2007), also favors a single measured
pattern speed interior to 4 kpc.
Again, however, while the analysis presented here cannot resolve the question as
to which PA is more appropriate, we find meaningful, independent evidence in favor
of the pattern speeds measured at 170◦ , in particular. For example, consistent with
expectations of leading structure at the inner most radii (as in the observations of
Scoville et al. 2001), the higher speed inside r≃2 kpc lacks an ILR. In addition, attendant to our finding that both speeds interior to 4 kpc terminate at corotation, the
transition between the two roughly coincides with an inferred location of resonance
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overlap wherein the inner’s corotation resonance and the outer’s inner 4:1 resonance
align. The radial domain of the pattern speed measured at PA=175◦ , in contrast,
is not as clearly associated with resonance radii. Since the bright spiral structure
does not appear along the minor axis near ∼2 kpc, the corotation resonance at this
location implied by the solution at 170◦ is unfortunately unconfirmable through inspection of radial streaming velocities under the density wave interpretation.
We also find remarkable agreement between the characteristics of the two speeds
inside 4 kpc at PA=170◦ and other evidence in the inner disk consistent with multiple
pattern speeds. The transition parameterized in our best-fit solution for the inner
disk coincides with significant variation in the two-armed spiral pitch angle. Since a
change in the pitch angle is expected to be accompanied by a change in streaming
motions, both parameters are presumably attendant to the signatures (streaming or
otherwise) of the patterns.
Although the pattern speed interior to 2 kpc in the solution at 170◦ (or 175◦ )
may reflect a unique contribution from the m=3 mode observed by Rix & Rieke
(1993), as described in § 4.5.7, the measurements in Figure 4.4 (or Figure 4.8) presumably directly relate to the patterns present in the disk and so (depending on the
PA) should provide a fair description of the dynamics therein. As such, it may be
possible that ensuing observations and studies better discriminate between the two
seemingly disparate radial dependencies implied for the PAs considered here.
Even at present our TWR solutions yield interpretations with which to observationally address the question of spiral longevity. That the solutions at both 170◦ and
175◦ feature constant pattern speeds would imply that our solutions are indicative
of long-lasting spiral structure. Interestingly, at the innermost radii both qualitatively resemble the model of Salo & Laurikainen (2000b) where, characteristic of the
isolated evolution of the disk, the dominant m=2 component has a constant pattern speed ∼50 km s−1 kpc−1 out to ∼1.2-1.8 kpc. As for the region between ∼1.8
kpc and 4.6 kpc in those models where interaction with the companion introduces
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a succession of transient structures, our solutions at both 170◦ and 175◦ otherwise
describe at most two steady patterns in distinct radial zones.
Our TWR solutions may also offer a compelling (yet inconclusive) interpretation
for the radial trend in the kinematic Schmidt law found by Kennicutt et al. (2007)
in the disk of M51. By adopting a dynamical time appropriate for spiral density
waves, it seems possible to arrive at a general suppression of this radial trend (however insignificant here); the radial zones in which Kennicutt et al. (2007) identifies
systematic departures from the linearity expected for the kinematic Schmidt law
very nearly correspond to the radial zones delimited in our TWR solution at 170◦ ,
in particular.
In the immediate future, higher resolution and sensitivity observations should
afford TWR calculations with finer radial bins, thereby allowing for the parameterization of more distinct radial zones, if present. This will either confirm our solutions
for Ωp (r) or perhaps demonstrate that solutions describe a succession of many discrete patterns (similar to the transient structures in the Salo & Laurikainen (2000b)
models), or simply a winding, material pattern. Again, though, our multiple-speed
and other, quadratic solutions in general more closely follow Ω throughout the disk
than Ω − κ/2 characteristic of m=2 structure in the models of Salo & Laurikainen
(2000b).
Despite the lingering ambiguity in the PA, these TWR solutions present a new
picture of the bright spiral structure of M51, one that should prompt tests of longlived density wave theories in other nearby grand-design spirals. At the very least,
this study marks a successful starting point for continued tests of the relation between multiple spiral pattern speeds in a single disk; investigations into the number
and radial domains of pattern speeds and spiral winding in nearby spirals will be the
subject of upcoming work.
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PA

Model

PA=170

◦

three speed
two speed
constant
quadratic

rc =4.1 kpc
χ2ν,s

Ωp
A
···
90
55
95-

B
···
50
55
33

A
···
1.1
2.18
1.58

B
···
1.28
1.58
2.52

rc =5.3 kpc
Ωp
all
···
1.65
1.97
2.99

χ2ν,s

A
B C
A
B
C
all
96 51 23 2.17 2.61 2.56 2.22
62 62 20 2.17 2.61 2.56 2.22
27 27 27 3.64 2.72 2.56 2.86
180- - 23 2.00 4.18 6.92 3.76
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Note. — Representation of the goodness of fit for model solutions with either rc =4.1 kpc (left) or
rc =5.3 kpc (right) at the nominal PA=170◦ . The χ2 estimates in the zones 0<|y|<2.3 kpc, 2.3<|y|<4.0
kpc, and 4.0<|y|<5.3 kpc, labeled A, B, and C, respectively, are listed along with those for all slices,
where all values are calculated as a reduced χ2 difference of the model-reproduced to measured <v>i .
The χ2ν,s in each radial zone is normalized by the number of bins in that zone minus the number of
degrees of freedom, and so represent a goodness-of-fit distinct from a χ2ν over all slices with which we
judge the whole solution. The multi-speed solutions with rc =4.1 and 5.3 kpc correspond to the best-fit
two- and three-pattern speed solutions, respectively. Pattern speed estimates in units of km s−1 kpc−1
in each zone are also listed. For quadratic solutions, the values in the first and last radial bins are
indicated.
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Table 4.2. M51: χ2 Model Comparisons at PA=170◦

PA

Model

PA=165

◦

PA=175◦
138

three speed
two speed
constant
quadratic
three speed
two speed
constant
quadratic

rc =4.1 kpc
χ2ν,s

Ωp
A
···
110
42
199···
63
59
73-

B
···
39
42
16
···
59
59
38

A
···
0.7
3.68
2.58
···
1.66
1.53
2.41

B
···
0.64
0.76
1.44
···
2.66
2.28
4.12

rc =5.3 kpc
χ2ν,s

Ωp
all
···
1.51
2.42
3.22
···
1.81
1.66
2.97

A
112
112
35
20070
64
19
109-

B
41
33
35
59
64
19
-

C
28
33
35
30
18
11
19
12

A
0.58
0.56
3.26
1.74
1.56
3.06
3.96
3.22

B
0.84
0.82
0.80
1.54
3.18
5.22
5.14
7.1

C
0.60
0.68
1.02
1.18
9.62
6.58
6.96
8.6

all
1.70
1.66
2.65
3.31
3.26
2.82
3.55
4.22

Note. — Representation of the goodness of fit given by χ2ν,s , as in Table 4.2, for model solutions
at PA=165◦ and 175◦ calculated with rc =4.1 kpc (left) and rc =5.3 kpc (right). Here, the zones
0<|y|<rt,1 , rt,1 <|y|<rt,2 , and rt,2 <|y|<5.3 kpc are labeled A, B, and C, respectively, with transition
radii as identified in the lowest-χ2 two (three) pattern speed solution calculated with rc =4.1 kpc (5.3
kpc). At 165◦ , these transitions occur at rt,1 =rt =2.3 kpc where rc =4.1 kpc and rt,1 =2.3 kpc and
rt,2 =4.4 kpc where rc =5.3 kpc. At 175◦ , rt,1 =rt =2.3 kpc where rc =4.1 kpc and rt,1 =2.3 kpc and
rt,2 =3.7 kpc where rc =5.3 kpc. Pattern speed estimates in units of km s−1 kpc−1 in each zone are also
listed. For quadratic solutions, the values in the first and last radial bins are indicated.
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Table 4.3. M51: χ2 Model Comparisons at PA=165◦ and 175◦
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Figure 4.11 SFR surface densities plotted as a function of the ratios of molecular gas
surface density to dynamical time (in units of 108 yr) for the 520 pc aperture data
from Kennicutt et al. (2007) at radii r<4 kpc (left) and r<5.3 kpc (right). From
◦ −1
) , and
top to bottom, the dynamical time is defined as τorb ∝Ω−1 , τSDW ∝(Ω − Ω170
p
175◦ −1
τSDW ∝(Ω − Ωp ) . Points are color-coded by galactocentric radius in kpc, where
points between 0.6<r<2.3 kpc, 2.3<r<4.6 kpc, and 4.6<r<5.3 kpc are shown in
red, blue, and green, respectively. The solid lines show the bivariate least-squares fit
(given by the values in Table 4.4).
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Table 4.4 Parameters of best-fit Schmidt Laws for M51
dynamical time
0.6-4.1 kpc, Ω
τorb
170◦
τSDW
175◦
τSDW
0.6-4.1 kpc, Ω∗
τorb
170◦
τSDW
175◦
τSDW
1.5-4.1 kpc, Ω
τorb
170◦
τSDW
175◦
τSDW
0.6-5.3 kpc, Ω
τorb
170◦
τSDW
175◦
τSDW
0.6-5.3 kpc, Ω∗
τorb
170◦
τSDW
175◦
τSDW
1.5-5.3 kpc, Ω
τorb
170◦
τSDW
175◦
τSDW

b

σb

a

σa

χ2

0.82±0.1
0.63±0.09
0.54±0.16

0.01±0.02
0.01±0.01
0.01±0.01

-2.93±0.2
-2.3±0.24
-2.15±0.45

0.04±0.05
0.02±0.02
0.02±0.01

1024
1498
1648

0.87±0.08
0.73±0.04
0.57±0.22

0.01±0.02
0.01±0.01
0.01±0.01

-3.03±0.18
-2.49±0.08
-2.21±0.64

0.04±0.04
0.03±0.01
0.02±0.01

1105
1410
1750

0.77±0.13
0.79±0.06
0.53±0.18

0.02±0.02
0.02±0.01
0.01±0.02

-2.84±0.24
-2.57±0.09
-2.14±0.53

0.04±0.04
0.04±0.01
0.02±0.01

778
1026
1379

0.78±0.23
0.69±0.28
0.65±0.30

0.01±0.05
0.01±0.05
0.01±0.05

-2.84±0.36
-2.44±0.59
-2.46±0.62

0.03±0.08
0.02±0.08
0.02±0.10

1257
2058
2295

0.83±0.21
0.80±0.22
0.70±0.28

0.01±0.05
0.02±0.05
0.01±0.05

-2.92±0.32
-2.62±0.47
-2.54±0.60

0.03±0.08
0.02±0.08
0.02±0.10

1337
1978
2333

0.76±0.25
0.89±0.20
0.68±0.28

0.01±0.05
0.02±0.04
0.01±0.05

-2.79±0.38
-2.76±0.44
-2.52±0.60

0.03±0.08
0.03±0.07
0.02±0.09

1018
1442
2008

Note. — Parameters of the bivariate least-squares fit log ΣSF R =b log (ΣH2 /τdyn ) + a for
each τdyn defined in the text. The variance in a and b are given as σa and σb . The first
three rows list the parameters of fits over points out to rc =4.1 kpc (where τSDW is defined
out to rc =4.1 kpc), while the last three list the fits out to rc =5.3 kpc. Error bars for each
parameter represent the deviation from the best-fit value in the zones 0<r<2.3 kpc and
2.3<r<4.1 kpc (top three rows) and 0<r<2.3 kpc, 2.3<r<4.6 kpc, and 4.6<r<5.3 kpc
(bottom three rows).
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Chapter 5
Radial Variation of Spiral Pattern
Speeds in Four Galaxies

5.1

Chapter Overview

Current theories of spiral and bar structure predict a variety of pattern speed behaviors, calling for detailed, direct measurement of the radial variation of pattern
speeds. Our recently developed Radial Tremaine-Weinberg (TWR) method allows
this goal to be achieved for the first time. Here we present TWR spiral pattern
speed estimates for M101, IC 342, NGC 3938 and NGC 3444 in order to investigate whether spiral structure is steady or winding, whether spirals are described by
multiple pattern speeds, and the relation between bar and spiral speeds. Where
possible, these pattern speeds are interpreted according to estimated resonance radii
associated with each (established with the disk angular rotation) and compared to
previous determinations. In M101, our analysis indicates that the bar and spiral in
the inner 3’ have the same pattern speed and the bar ends well inside its corotation
radius. This speed is much higher than the commonly adopted global value, which
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we find best describes the outer four-armed spiral, although the two speeds seem
to be related by a resonance overlap coincident with the pronounced change in the
spiral structure. A third yet lower speed is meanwhile found in the outer disk. In IC
342, the two measured pattern speeds also overlap at resonance, suggesting that the
outer four-armed spiral there may be driven by the inner pattern. Extensive spiral
structure in our sample is not a phenomenon exclusively characterized by resonance
overlap, though. While the inner disk of NGC 3938 may also support structure with
a pattern speed higher than that exterior, a relation between the two pattern speeds
in this case is not well established. In addition, we find that the spiral in NGC 3344
rotates with a single, constant pattern speed.

The contents of this chapter, with slight modifications, originate with the manuscript,
“Uncovering the Origins of Spiral Structure By Measuring Pattern Speeds and Their
Radial Variation”, Meidt, S. E., Rand, R. J. & Merrifield, M. R. 2009, recently submitted to ApJ.

5.2

Introduction

In this chapter, we expand to a larger sample of galaxies the TWR analysis recently
applied to the grand-design spiral galaxy M51 (Paper II). Here, as there, we apply
the method according to the prescription outlined in Paper I. The calculation employs regularization, which smooths otherwise intrinsically noisy solutions through
the use of a prior models of the radial dependence of the pattern speed, and affords
straightforward tests for bar-spiral and spiral-spiral relations, and spiral winding.
Also as in Paper II, for use as a kinematic tracer we consider observations of the
ISM, which have become the standard choice of spiral tracer for meeting the conti-
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nuity requirement of the method. The application of the TW and TWR methods
to CO and HI observations of spiral galaxies (e.g. Westpfahl 1998; Rand & Wallin
2004; Merrifield, Rand & Meidt 2006) avoids significant problems with the stellar
component in these systems, namely the faintness of the old stellar disk, and the
effects of star formation and obscuration by dust in spiral arms by which the application of the continuity equation is invalidated.
Furthermore, where the ISM is dominated by either the molecular (traced by CO)
or atomic gas phases, conversion among phases can be assumed to occur at low levels
on orbital timescales such that, together with the low true efficiency of star formation
in spirals, the dominant component arguably obeys continuity (e.g. Zimmer, Rand
& McGraw 2004; Rand & Wallin 2004). In addition, as an improvement on previous
ISM-based TW spiral studies, here we analyze both molecular gas observations from
the BIMA SONG (Helfer et al. 2003; maps include zero-spacing flux information)
and archival 21-cm emission data tracing the atomic hydrogen phase. (The flux information at the largest scales in all of the HI cubes considered here is comparable
to that achieved with single-dish observations; see references in §§5.3.2-5.3.5). Our
consideration of both CO and the more extended HI here serves two main purposes.
In galaxies that are not molecule-dominated over the extent of the detectable CO
emission, the HI supplements H2 to establish a total particle, continuity-obeying
tracer. The radial range of detectable pattern speeds is also increased in this way.
Part of our treatment, in this case, entails an investigation (where possible) into
the sensitivity of TWR solutions to the CO-to-H2 conversion factor X adopted in
combining the data, which has been suggested to vary linearly with metallicity (e.g.
Boselli et al. 2002). Following Zimmer, Rand & McGraw (2004) and Paper II, we
consider the effect of variation in X with radius (but not the possibility, for example,
of arm-interarm variations). We also take into consideration distortions or warps
observable in the outer HI disks in our sample (described in §§5.3.1-5.3.5), which
violate of one of the main TW assumptions (namely, that the disk is flat; Tremaine
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& Weinberg 1984).
Based on the a priori models described in §5.4.1, the best-fit pattern speed solutions calculated for each galaxy are presented in §§ 5.4.2-5.4.5. There, the resonances
associated with each, which we identify through comparison with angular rotation
curves, serve as a main informant of our results; our findings are motivated by,
and compared with, the large body of work linking resonances to the dynamics and
morphology of disks. We also discuss the limitations and sensitivities of the TWR
calculation (described in Paper I) as applied to each galaxy and summarize our
results in §4.

5.3
5.3.1

The Sample
Selection and Overview

In the following subsections we describe the four spiral galaxies analyzed in this chapter (paper: Meidt et al. 2009), M101, IC 342, NGC 3938, and NGC 3344. This small
sample is not meant to be representative of variations in spiral structure with galaxy
classification type, or to embody all possible theories of spiral structure. These
nearby galaxies were selected simply for their clear spiral structure and moderate
inclination, as well as for the availability of observations (specifically, both CO and
HI in three of the four cases) of sufficient sensitivity and resolution to allow structure
to be resolved and the radial variation of Ωp to be investigated; see Paper I.
With this sample we explore three scenarios for applying the TWR method to
observations of the ISM. We first consider both the molecular and atomic components of the ISM in M101, which is molecule-dominated over the detectable extent of
the CO emission, and investigate whether there exists a relation between the speeds
of the multiple structures apparent throughout the disk. We then apply the method
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to two galaxies (IC 342 and NGC 3938) where the ISMs are dominated by neither
the atomic or molecular gas phases in the central few kpc; in this case, considering
the total column density is necessary for meeting the continuity requirement of the
method. Lastly, for NGC 3344, where the ISM is dominated by the atomic phase
over the majority of the disk area (see §5.3.5), we analyze HI data alone, and with
our TWR solution predict a pattern speed for the small bar.
In three of the four cases, a warp-like distortion is evident in the HI distribution
and kinematics, often with little further evidence of a strong spiral pattern. A warp
in the outer disk, characterized by position and/or inclination angles that differ from
those values in the disk interior, violates the TW assumption that the disk is flat
(Tremaine & Weinberg, 1984). In implementing the regularized TWR method we
therefore adopt the procedure advocated in Paper I (see the beginning of § 5.4.1),
which accommodates for the presence of information about the warp in the TWR
quadrature by excluding it from regularized solutions.
Zeroth and first moment maps for each galaxy are shown in Figures 5.1 and 5.2.
For M101, IC 342 and NGC 3938, these maps were generated from the combined
CO and HI cubes, which were regridded to a uniform channel width and co-added
in units of particles cm−2 . Prior to combination, the CO cubes were smoothed to
the resolution of the HI and CO intensities converted to molecular column densities
assuming a constant CO-to-H2 conversion factor X=2.0×1020 cm−2 [K km s−1 ]−1 , the
Galactic mean value (e.g. Hunter et al. 1997). (Subsequent variations in the X-factor
are considered when applicable.)
Tilted ring fits to the velocity field of the four galaxies were performed using the
GIPSY (van der Hulst et al., 1992) task ROTCUR in order to derive the kinematic
parameters used in the TWR calculation. For these fits, the systemic velocity is
initially fixed to the value given in the literature, while the kinematic center, position angle (PA), and inclination are allowed to vary. (The value and the errors on
Vsys were subsequently determined by fitting with all other best-fit parameters held
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fixed.) The values we find are in good agreement with those nominally adopted for
each galaxy and are listed in Table 5.1.
For the purposes of identifying resonances (corotation, inner and outer Lindblad),
we also derived the circular velocity in each ring with the best-fit kinematic parameters held fixed. In each galaxy these velocities are modeled in the unwarped portion
of the disk with least-squares fits to the standard three-parameter approximation
(i.e. Faber & Gallagher 1979)
Vrot (r) =

Vmax (r/rmax )

(5.1)

(1/3 + 2/3(r/rmax )n )3/2n

as shown in Figure 5.3. There, the best-fit parameters for each galaxy are: Vmax =189
km s−1 , rmax =15.89 kpc, n=0.43 for M101; Vmax =167 km s−1 , rmax =5.62 kpc, n=0.76
for IC 342; Vmax =154 km s−1 , rmax =7.3 kpc, n=0.76 for NGC 3938; Vmax =168 km
s−1 , rmax =5.8 kpc, n=0.29 for NGC 3344. (For NGC 3344, to achieve an accurate
fit these parameters had to be constrained a priori to a range that best reproduces
the flatness for r&3 kpc). The errors bars on each measured velocity there reflect
the average deviation from this value on either the approaching or receding side,
which together we find better represent the uncertainty in the rotation curve than
do the formal errors returned by ROTCUR. With the fitted velocities, we then generate a set of smooth curves for Ω, Ω±κ/2, and Ω±κ/4; these curves are intended to
reduce the impact of non-axisymmetric motions (e.g. spiral streaming) on our resonance identifications and were invoked without regard to specific mass component
characterization.
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Figure 5.1 Clockwise from top left: Zeroth moment maps for M101, IC 342, NGC
3938 (made from the combined CO and HI cubes) and NGC 3344 (made from the
HI cube) showing the logarithm of the column density N in units of cm−2 . The
horizontal bar near the bottom indicates the physical scale.
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Figure 5.2 Clockwise from top left: First moment maps for M101, NGC 3938, IC
342 (made from the combined CO and HI cubes) and NGC 3344 (made from the HI
cube) in units of km s−1 .
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Figure 5.3 Clockwise from top left: Rotational velocities for M101, IC 342, NGC
3938, and NGC 3344. Values measured with tilted ring fits to the velocity fields
shown in Figure 5.2 with all optimal parameters listed in Table 5.1 held fixed are
shown as filled circles (crosses) in the unwarped (warped) region of the disk (as
identified in §§ 5.4.2-5.4.5). The points are shown spaced at the resolution of each
map with error bars (shown in dark gray) representing the average variation in the
derived velocity from side to side (approaching and receding). The solid line in the
plots for M101, IC 342 and NGC 3938 is the least-squares fit of the velocity model
(Equation 5.1) to the velocities measured in the unwarped portion of the disk (filled
circles), with best-fit parameters as given in the text. All solid lines are used to derive
the smoothed angular rotation and resonance curves presented in §§ 5.4.2-5.4.5.
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Parameter
Dynamical Center RA (α) (J2000)
Dynamical Center DEC (δ) (J2000)
Distance (Mpc)
Systemic Velocity (Vsys , km s−1 )
Position Angle(◦ )
Inclination (◦ )

M101
14h 3m 13s .13
54◦ 20’56”
7.4
244±8
42±3
21±6

IC 342
NGC 3938
3h 46m 48s .4 11h 52m 49s .8
68◦ 5’47”.8
44◦ 7’11”.7
2.0
11.3
30±2
809±3
42±3
21±2
31±5
14±3

Note. — Entries for the dynamical center, inclination and position angle for each galaxy
were derived with a tilted ring analysis of the first moment of the data cube using the
GIPSY task ROTCUR. Optimal values for the distance originate with references cited in
§§ 5.3.2-5.3.5.

NGC 3344
10h 43m 31s .5
24◦ 55’18”.3
6.9
586±3
155±2
25±4
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Table 5.1 Parameters used in the TWR calculation for four spiral galaxies.
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5.3.2

M101

This SABcd galaxy (D=7.4 Mpc; Jurcevic & Butcher 2006) is an excellent candidate
for analysis with the TWR method. The molecular gas filling the central 3’ hole in
the HI emission features a bar discovered by Kenney, Scoville & Wilson (1991). The
bar is a clear candidate-driver of the spiral structure that appears to emanate from
the bar region. At the outer radii, tidal interaction with companion galaxies (e.g.
NGC 5474 and NGC 5477; Huchtmeier & Witzel 1979, Waller et al. 1997) is thought
to be responsible for the lop-sidedness and distortion in the HI distribution, and may
also be the source of the spiral (Waller et al., 1997).
The high resolution (∼7”) of the total H2 +HI maps constructed from the BIMA
SONG CO data and THINGS HI data (with ROBUST weighting scheme; Walter
et al. 2008) allows us to apply the TWR method with exceptional leverage on the
radial dependence of the pattern speed throughout the disk. We aim to derive the
bar and spiral pattern speeds, and identify multiple spiral modes and spiral winding,
if present.
As considered in the upcoming discussion (§ 5.4.2), we note that the rotational
velocities between r∼7 and 14 kpc and at radii r&19 kpc in the top right of Figure
5.3 are not well fit here. Also, while the rise in the latter zone appears on both the
approaching and receding sides, a ∼75 km s−1 asymmetry exists therein.

In addition, as demonstrated by Wong & Blitz (2002) assuming X=1.8×1020 cm−2

[K km s−1 ]−1 (slight lower than our adopted value), and using the BIMA SONG data
we analyze here, the ISM is molecule-dominated over the extent of the CO emission.
However, the disk is known to sustain a metallicity gradient, which, for a linear
dependence of X on metallicity (e.g. Boselli et al. 2002), could imply variation in
X with radius. So, while a constant offset should have no implications for TWR
solutions, we also consider the effect of variation in X outward from the center.
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5.3.3

IC 342

For this Seyfert SABcd galaxy (D=2.0 Mpc; Crosthwaite et al. 2000), we base our
analysis on the BIMA SONG CO data cube and the 38” VLA HI observations first
published by Crosthwaite et al. (2000). As in M101, the CO fills the central hole in
HI distribution, but here the atomic gas makes a significant contribution to the total
gas density before the edge of the CO emission. A thorough discussion of the HI-CO
overlap and the features (a bar, a two-armed spiral, and a four-armed spiral) in the
two gaseous components can be found in the study of Crosthwaite et al. (2001).

5.3.4

NGC 3938

NGC 3938 (D=11.3 Mpc; Jimenez-Vicente et al. 1999) is a nearly face-on, late type
(SAc) galaxy exhibiting a central two-armed spiral that branches into multi-armed
structure in the optical. The two strong spiral arms are evident in the molecular gas,
which reaches a surface density comparable to that of the HI inside the edge of the
CO emission. But where the stellar disk exhibits flocculent, but clear, spiral structure
(with as many as six arms; Elmegreen et al. 1992), the HI disk is characterized by
less well-organized, irregular structure. The combination of archival WSRT HI data
with BIMA SONG CO observations establishes a total H2 +HI kinematic tracer at
roughly 20” resolution that extends to just beyond the optical extent of this galaxy
(van der Kruit & Shostak, 1982).

5.3.5

NGC 3344

The application of the model-independent TWR method to this HI-dominated, isolated SABbc galaxy (D=7.4 Mpc; Verdes-Montenegro et al. 2000) should, in principle, clearly establish the relation of the ring-like morphological features at r=1 kpc
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and r=7 kpc, identified by Verdes-Montenegro et al. (2000) in optical images, to the
large-scale patterns present in the disk (and their resonances). The outer ring, in
particular, although thought unlikely to be related to the small bar (not observed in
the gas) with aB ∼0.7 kpc (Verdes-Montenegro et al., 2000), has not been otherwise
conclusively related to the spiral. In search, as well, of spiral winding and multiple
spiral modes, here we analyze 20” resolution archival WSRT HI data where the dominant two-armed spiral and the outer ring are clear, in addition to the outer lopsided
region exhibiting a twist in the isovels (van der Kruit & Shostak, 1982). The zone
of the bar and the inner ring, which falls within the central 26” where there is little
21-cm emission, corresponds to less than two resolution elements. So although the
ring is resolved in CO (Regan et al., 2002), and the peak H2 column density (Helfer et
al., 2003) there exceeds the HI, we do not consider the contribution of the molecular
gas here.

5.4
5.4.1

Results
Applying the TWR Method

We apply the regularized TWR method as in Paper I. For each galaxy we consider
several smoothed, testable models for Ωp (r). These models vary as polynomials (order n.2) designated into at most three distinct radial zones. Where a priori evidence
suggests that there is little information from a strong pattern beyond a certain radius, or that the TW assumptions are otherwise violated by the presence of a warp,
for example, our models also include the parameterization of a cut radius, rc , beyond which all bins are calculated without regularization (i.e. the functional form is
unconstrained). These models, with rc marking the end of the dominant structure,
have been demonstrated to sufficiently separate the compromised zones in the disk
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from regions where information about patterns can be reliably extracted in the TWR
calculation (Papers I and II). All transitions rt between distinct zones and all cut
radii, where present, are treated as free parameters.
For each model, the two numerical solutions for Ωp (r) from either side of the
galaxy (y>0 and y<0; Merrifield, Rand & Meidt 2006) are averaged to construct a
single, global model solution. Each model solution is then judged based on a simple
reduced χ2 statistic, with the best-fit solution corresponding to the χ2ν -minimum in
the full parameter space.
As in Paper II, the random, measurement errors used in the regularized calculation, and with which we judge the best-fit solution, reflect uncertainty arising with
the chosen flux cut-off in the first moment maps. The systematic errors on each measurement represent uncertainty in the PA, which is the dominant source of error in
TW and TWR estimates (Debattista 2003; Paper I), roughly 20% for δP A =3◦ . But,
here we report these as a dispersion on each measured value, rather than present
individual solutions for each PA; this is possible here since, unlike in M51 (Paper II),
we find no meaningful evidence that the form of the model associated with the bestfit solution for any of the galaxies in the current sample varies from PA to PA. Also,
unless otherwise noted, errors due to uncertainty in, e.g., the inclination angle are
generally smaller and are not reported; these prove to be of little consequence to the
accurate placement of radial bins defined in the quadrature (as suggested in Paper I).
The additional change introduced in the measurements Ωp through a change in sin i
is furthermore shared by Ω and κ, and so our resonance identifications, in particular,
should not be effected by error in the inclination to first order. A thorough account
of our methodology can be found in Paper I (and references therein).
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Figure 5.4 Best-fit regularized solution for M101 with rc =21.9±0.43 kpc for
PA=42◦ ±3◦ . For this solution, bins exterior to rC (not shown) have been calculated without regularization. Dashed red lines represent the dispersion in solutions
derived with a three-pattern speed model at PA=39◦ and 45◦ . Horizontal error bars
represent the dispersion in rt,1 , rt,2 and rc from PA to PA. The innermost speed
corresponds to Ωp,1 =47±10 km s−1 kpc−1 out to rt,1 =6.7±0.25 kpc, followed by
Ωp,2 ∼18±1 km s−1 kpc−1 out to rt,2 =13.8±0.58 kpc and Ωp,3 =5±3 km s−1 kpc−1 out
to rC . Curves for Ω, Ω±κ/2 and Ω±κ/4 (see text) are shown in black, cyan and
blue.

5.4.2

M101

We apply the TWR calculation with radial bin width ∆r=7”=0.27 kpc (D=7.4 Mpc),
the resolution of the combined cube. Together with the position of the outermost
slice on each side, |y|=30.4 cos i kpc, this establishes the extent of integration along
each slice, equipping solutions with 113 bins in total. The best-fit solution given a
PA uncertainty ±3◦ is plotted in Figure 5.4. There shown, also, are the rotation and
resonance curves derived as described in §5.3.1. It should be noted that a ∼75 km
s−1 asymmetry in the rotational velocities from the approaching and receding sides
exists at radii r≥20 kpc (e.g. Kamphuis 1993; Jog 2002).
The outermost portion of the disk is effectively removed from the solution with
the parameterization of a cut radius rc =21.9±0.43 kpc. This radius, identified at
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Figure 5.5 Fourier power spectrum of the zeroth moment map shown in the top left
of Figure 5.1. Modes up to m=4 are plotted as a function of radius with lines for
m=1 in black dash-dot-dot-dot, m=2 in red solid, m=3 in green dash-dot, and m=4
in blue dash.
the minimum of the χ2 , is comparable to the location where the disk becomes visibly
distorted. We find that the outer distortion/lop-sidedness clear in the surface density is well characterized by the predominance of an m=1 asymmetry beyond r∼20
kpc in the Fourier decomposition (Figure 5.5) and also matched by a warp in the
outer velocity field; in addition to the rotation curve asymmetry, with our ROTCUR
analysis we find that the PA and inclination of fitted rings beyond this radius vary
significantly from the nominal values established in rings interior. (We note that this
strong variation in the PA is found to start at a much larger radius than identified by
Rownd, Dickey & Helou 1994.) Inclination variation, in particular, is a violation of
the TW/TWR assumptions and so we argue that, by excluding the bins covering the
outer disk from models for Ωp (r), the remaining, inner regularized bins are better
equipped to reproduce the true pattern speed. (Note that with this cut radius a
possible m=1 mode describing the outer, lop-sided portion of the disk is ignored).
In this case, the most conspicuous aspect of the solution is the pair of transitions at rt,1 =6.7±0.25 kpc and rt,2 =13.8±0.58 kpc (marked in Figure 5.6) between
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three distinct pattern speeds, Ωp,1 =47±10 km s−1 kpc−1 Ωp,2 =18±1 km s−1 kpc−1
and Ωp,3 =5±3 km s−1 kpc−1 out to rc . As discussed below, the innermost, constant
speed is nearly identical to the value Ωp =48±8 km s−1 kpc−1 measured from the CO
maps, alone (see § 5.4.2.1), while the second pattern speed is consistent with the
value generally upheld in the literature (Ωp ∼19 km s−1 kpc−1 for rCR ∼12 kpc, e.g.
Waller et al. 1997; but see the end of this section).
The quality of our measurement is especially clear in the precision with which

Figure 5.6 Total H2 +HI surface density in M101 highlighting the structure inside ∼18
kpc. The transitions rt,1 and rt,2 marking the extents of the first and second pattern
speeds in our solution are shown as dashed white circles. The corotation radius
rCR =3.5 of the innermost speed is shown as a solid white circle. The horizontal bar
near the bottom left indicates the physical scale.
the transitions between the three pattern speeds are determined. The transition rt,1 ,
for example, shows less than 5% variation from PA to PA. This transition coincides
with a marked decrease in m=2 power (Figure 5.5) and occurs well past the edge
of the CO emission. We can therefore recognize that the inner speed describes the
molecular bar and the two-armed spiral manifest in the CO and weakly traceable in
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HI, which Elmegreen et al. (1992) identify in the B-band out to r∼6 kpc (estimated
from their placement of the inner 4:1 circle in Figure 1, Plate 14, rather than with the
discrepant value listed in Table 3 there). (Yet, we also note a four-armed appearance
to the structure where spur-like features associated with either arm emerge, clear in
CO emission and in the B-band).
This result, namely that structure in HI shares the same pattern speed as the
structure interior (exhibited solely by the molecular gas), admits a much stronger
conclusion than can be drawn from the CO, alone. Our rotation and resonance curves
indicate that the inner pattern ends near its OLR (r∼7 kpc; or possibly the inner
4:1 resonance, within the errors) which would not be evident from the application of
the TWR method to CO data covering r.3.5 kpc (corresponding to the central zone
in Figures 5.1 and 5.6 with column density &1020.6 cm−2 ). This finding is consistent
with the theoretical expectation for the forbidden propagation of spiral density waves
beyond this resonance, which observations corroborate (see Elmegreen et al. 1989).
Likewise, corotation for this speed occurs at r=3.5 kpc, very near the transition
between molecular and atomic gas (see Figure 5.6). With its lack of clear structure
and relatively low surface density, this location in the gaseous disk seems consistent
with an expected depopulation near CR owing to opposing torques (whereby gas is
driven inward between ILR and CR and outward between CR and OLR). (This impression, however, may be subject to the sensitivity of the CO map and the assumed
X-factor.)
Interior to corotation, our determination of the disk angular rotation becomes less
certain at a disadvantage to definitive resonance identifications. Nevertheless, the
two-armed spiral exhibited near r∼2 kpc by the molecular gas–and which appears almost ring-like–is arguably located near the inner 4:1 resonance kpc, or UHR, where
gas can accumulate on its path inward from corotation to ILR (Buta & Combes,
1996). In addition, as will be discussed in more detail in §5.4.2.1, the central concentration of gas in the form of the molecular bar (with length ∼1 kpc) appears to lie
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well within the CR. This is also true of the stellar bar with ab ∼2 kpc (Kenney, Scoville & Wilson, 1991), which suggests a scenario quite different from recent findings
in favor almost exclusively of fast stellar bars (with 1.rCR /ab .1.4; Corsini 2008), at
least in early-type barred galaxies. Instead, the stellar bar here seems reminiscent
of the slow bars found in the simulations of Combes & Elmegreen (1993) and Rautiainen et al. (2008).
As for the pair of pattern speeds Ωp,2 and Ωp,3 outside rt,1 =6.7±0.25 kpc, we
can similarly use the curves in Figure 5.4 to interpret their radial domains in terms
of resonances. This is less straightforward, however, primarily because of our uncertainty in the poorly-fit rotation curve here, as well as the complex nature of the
spiral structure visible in the HI surface density, which is characterized by power in
several Fourier modes (see Figure 5.5 and optically, Elmegreen et al. 1992). Notably,
between r∼6 kpc and 13 kpc, the structure visible in HI appears four-armed (see the
top left panel in Figure 5.1 and Figure 5.5). Meanwhile, near r=13 kpc a two-armed
pattern starts to predominate again, as indicated in Figure 5.1 and by Figure 5.5
where the power in the m=4 mode decreases relative to the m=2 mode.
In this case, the transition rt,1 in Figure 5.4 would seem to associate the second
speed Ωp,2 with the four-armed spiral, here found to extend between the inner and
outer 4:1 resonances at r∼6.8 kpc and r∼14 kpc. (This is unchanged even with
rotation curve models where the rise and fall in velocities between r=8 and 14 kpc
in Figure 5.3 are more closely (yet coarsely) fit, although the end of Ωp,2 more nearly
approaches Ω-κ/2). The four-armed spiral in ESO 566-24 likewise extends between
its inner and outer 4:1 resonances (Rautiainen et al., 2004). Our finding is also
roughly consistent with the identification made by Elmegreen et al. (1992; in Figure 1, Panel 14 there), namely that the zone dominated by the four-armed spiral is
bounded by the inner 4:1 circle with r∼6 kpc and the CR circle with r∼12 kpc. (We
would argue, however, that the end of this zone occurs past the CR, which we find
near r=10 kpc, depending on the rotation curve.)
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This is a scenario moreover favored by our TWR solution in that the transition
to the four-armed spiral occurs at a resonance overlap; where Ωp,1 ends at OLR,
within the uncertainties, Ωp,2 begins near its inner 4:1 resonance at r∼7 kpc. Such
an alignment of resonances, although not conclusively associated with mode-coupling
(i.e. as opposed to CR-ILR overlaps identified by Masset & Tagger 1997b), has been
identified in the simulations of Rautiainen & Salo (1999) and Debattista et al. (2006),
as well as in the grand-design spiral M51 through application of the TWR method
(Paper II). Presumably, this overlap is characteristic of a physical mechanism by
which spiral structure can be sustained over a large span in radius.
The transition rt,2 between Ωp,2 and Ωp,3 may also be accompanied by resonance
overlap: the outermost speed, which spans a radial domain well-matched to that of
the two-armed spiral within 12.r.20 kpc (marked by the increase in m=2 power in
Figure 5.5), could begin at either the ILR or inner 4:1 resonance. Large fractional
errors on Ωp,3 , of course, make this identification particularly vague. Likewise, the
end of this pattern, as designated by the cut radius, can be only indefinitely related
to realistic resonances (e.g. CR; at least with our current determination of the angular rotation), although it is just beyond the end of the outer two-armed spiral
identified by Elmegreen et al. (1992) near r=19 kpc (again, according to their Figure 1, Panel 14, rather than Table 3). In addition, whether or not the resemblance
to Ω-κ/2, Ω-κ/4 or Ω suggested in Figure 5.4 is significant remains unclear at this
point, especially in light of the nearly linear rise (and the asymmetry) in the rotation
velocities outside r∼19 kpc (not well modeled here; see Figure 5.3) suggesting that
the angular rotation curve may flatten out near this radius. The values of Ω-κ/2 and
Ω-κ/4 would be lower (and Ω+κ/2 and Ω+κ/4 higher) than in Figure 5.4, in which
case Ωp,3 may coincide with Ω-κ/4.
Despite uncertainty in the outermost speed, the TWR solution overall presents
compelling evidence for extensive spiral structure described by multiple pattern
speeds that are moreover related by their overlap at resonance. Given that this
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galaxy is tidally interacting (e.g. as argued by Ideta 2002), our pattern speed solution may be suggestive of the scenario explored by Salo & Laurikainen (2000a)
in simulations of M51. Those authors find that waves of higher and higher pattern
speeds are excited as tidally-induced waves near Ω-κ/2 propagate inward. But considering that resonance overlap is not a feature in those simulations, our finding of
a link between the speeds in M101 (and in M51; Paper II)–similar to the overlaps
so far demonstrated between bars and spirals in simulation (e.g. Masset & Tagger
1997b; Rautiainen & Salo 1999)–may imply that at least the inner disk is dominated
by internal, rather than external, effects. The speeds and structure within r<rc ∼22
kpc, however, have yet to be related to the asymmetric remainder of the disk. If the
outer warp is a lop-sided, m=1 mode, its pattern speed (not measured here) may be
determined by, and reveal clues to, tidal encounter with the companion galaxies of
M101.

5.4.2.1

The inner pattern speed in M101

As stated previously, the inner disk appears to sustain only a single constant pattern
speed, Ωp,1 =47±10 km s−1 kpc−1 . This may be surprising, given the distinct bar pattern visible in the CO emission, which we might expect to end near CR and rotate
with a pattern speed distinct from that of the spiral pattern immediately exterior.
In order to determine whether our TWR solution is an accurate representation of the
true speed, in this section we discuss the evidence in favor of only a single pattern
speed in this zone, consider whether the measurement is an artifact of variation in
the X-factor, and make comparisons to findings in the literature.
For this investigation we consider the CO data alone. As might be expected given
the radial domains of the two pattern speeds, we find that solutions calculated from
the CO and HI maps, individually, supply pattern speed estimates nearly identical
to those in either the inner or outer zones of the solution in Figure 5.4; the TWR
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result from the CO maps, Ωp =48±8 km s−1 kpc−1 , is within the errors of the inner
speed measured from the combined maps. Furthermore, the contribution made by
the bar and inner spiral pattern in a given slice can be more easily identified when
slices do not also contain information from throughout zone of the HI. (Note that,
without the need for a cut radius, TWR solutions discussed below are all completely
regularized.)
Of course, the notably low sensitivity of the CO map–with the inter-arm regions
and the zone surrounding the bar showing little, if any, emission (Figure 5.6; see
also Helfer et al. 2003)–itself raises significant doubts about whether the pattern
speed can be accurately measured. According to Paper I, however, as it is engaged
with the TWR calculation, regularization essentially attributes information within a
given element of the TWR kernel to all elements at the same radius in all other slices,
thereby compensating for zones which lack clear signatures of patterns. (Whether
or not this is accurate depends primarily on how well the PA and inclination have
been determined.) Errors that may be expected to arise in such low S/N regions are
furthermore smoothly redistributed throughout the solution.
Given that the net result is an effective extraction of the available information,
we argue that our regularized solution is a reliable indication that the data do not
support the measurement of more than a single pattern speed. In fact, when we
impose a transition near the expected molecular bar end, solutions with 0.75<rt <1.6
kpc either indicate no difference between the inner and outer pattern speeds, or the
inner speed is only slightly higher than, and within the errors of, the outer.
As evidence of the incompatibility of a distinct, higher pattern speed with the
data, in Figure 5.7 we show a comparison between the <v> (defined in Paper II
and references therein) reproduced by the best-fit, constant pattern speed solution
and by two mock pattern speeds: one for the bar, Ωb =115 km s−1 kpc−1 (chosen
in order that the bar ends near CR) and one for the spiral, Ωs =48 km s−1 kpc−1
(adopted from the value of the best-fit solution). There, the best-fit solution yields
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Figure 5.7 Plot of solution-reproduced
(dots and crosses) and actual (open circles)
R
integrals <v>i =bi / Σdx as a function of slice position y at PA=42◦ calculated from
BIMA SONG CO data for M101. The values associated with the best-fit single
pattern speed solution (black dots) are plotted along with those of the two mock
pattern speeds, Ωp,1 =115 km s−1 kpc−1 out to rt =1.1 kpc and Ωp,2 =48 km s−1 kpc−1
throughout the remainder of CO-traced disk (red crosses).

a significantly better fit to the data than the two speeds for slices inside |y|∼1.0 kpc.
This conclusion does not appear to depend on the PA or inclination, unlike in
M51 where the radial variation in the best-fit solution varies from PA to PA (Paper
II). For all angle combinations a single, constant pattern speed yields a significantly
better fit to the data than two, distinct speeds. Nor is the measurement sensitive
to spatial variation in the CO-H2 conversion factor. Based on the metallicity gradient -0.028±0.01 dex kpc1 measured from oxygen abundances (Cedres et al., 2004),
we modeled an increase in X with radius across the CO emitting disk (according
to the galaxy-to-galaxy scaling of Arimoto et al. 1996). In this case a single, constant pattern speed is not only once again the best-fit to the data, but at Ωp =53±6
km s−1 kpc−1 , there is virtually no change to the measured value.
Our result, namely, that there is no distinct pattern speed over the length of the
molecular bar, therefore seems to be authentic. Observations of HII regions down-
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stream of the molecular spiral arms (Waller et al., 1997) also support our finding
that the spiral arms lie inside corotation (although our spiral speed is much higher
than the value inferred by Waller et al. (1997) from measurements of the difference
in position of the Hα and CO emission). The relative spatial offset between the CO
and UV emission in Figure 3 of Waller et al. (1997), while vague in places, seems
sustained throughout the zone of the spiral and diminishes roughly near our CR radius. Since we find that the bar and spiral have the same pattern speed, this further
implies that the bar ends well within its corotation radius.
This scenario has been suggested by Kenney, Scoville & Wilson (1991) who, in
first reporting on the 25◦ offset between the molecular and stellar bar position angles,
noted a resemblance to the hydrodynamical simulations of Combes & Gerin (1985).
Such a decoupled central gas concentration is found when the stellar bar is slow and
drives spirals that develop inside corotation, as we suggest here.
A slow bar, ending well inside corotation, also seems to be reconciled with central DM content in M101 implied in the multi-component simulations of Petitpas et
al. (2003), which best reproduce the observed velocity field with a minimum disk.
Where the DM contribution to the gravitational potential is large, Debattista &
Sellwood (2000) find that interaction between a bar and the DM through dynamical
friction decelerates the bar (Weinberg 1985; Debattista & Sellwood 2000), such that
it grows in length disproportional to the greater increase in rCR . It should be noted,
however, that the slowness of the bar implied in this case is a matter of debate (cf.
Sellwood 2008, Dubinski et al. (2009) and Weinberg & Katz 2007 who argue that
slow bars are an artifact of the resolution of the N-body simulations used to model
the interaction).
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Figure 5.8 Best-fit regularized solution for IC 342 with rc =9.8±0.19 kpc for
PA=42◦ ±3◦ . For this solution, bins exterior to rc (not shown) have been calculated
without regularization. Dashed red lines and green horizontal error bars represent
the dispersion in the pattern speeds and in rt and rc in solutions derived with a
two-pattern speed model at the three PAs. The values in the zone of the bright
spiral structure correspond to Ωp,1 =38±7 km s−1 kpc−1 out to rt,1 =5.7±0.71 kpc
and Ωp,2 =11±6 km s−1 kpc−1 out to rc . Curves for Ω, Ω±κ/2 and Ω±κ/4 are shown
in black, cyan and blue.

5.4.3

IC 342

The TWR calculation for this galaxy proceeds with the use of a radial bin width
∆r=0.41 kpc (as established by the resolution of the combined maps) using slices
out to |y|=13.3 kpc. The best-fit solution, plotted in Figure 5.8 together with angular
rotation and resonance curves, measures two distinct pattern speeds inside the cut
radius rc =9.8±0.19 kpc. As in M101, we find that this cut radius accurately reflects
the location where the distortion/warp in the outer disk begins, e.g. as identified in
the HI surface density/velocity field (Crosthwaite et al., 2000).
Furthermore, the speed Ωp,1 =38±7 km s−1 kpc−1 inside rt =5.7±0.7 kpc is nearly
identical to the value Crosthwaite et al. (2001) estimate based on their determination
rCR =4.2±0.7 kpc from inspection of the field of velocity residuals. According to
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Figure 5.9 Total H2 +HI surface density in IC 342 highlighting the structure inside
∼9.8 kpc. The transition rt marking the extent of the inner pattern speed in our
solution is shown as a dashed black circle. The horizontal bar near the bottom left
indicates the physical scale.

the solution in Figure 5.8, as parameterized by rt this pattern terminates at either
corotation (here at r∼5 kpc; conditional on the rotation curve, which is different
from that of Crosthwaite et al. 2001) or OLR (within the uncertainties) in favor of
the second, lower speed Ωp,2 =11±6 km s−1 kpc−1 .
The transition between the two speeds occurs very near where the spiral structure
becomes visibly four-armed (see Figure 5.9). This seems to establish that the outer
arms are, in fact, best described by a speed that is distinct from that of the spiral
interior, as previously suggested by Crosthwaite et al. (2000). Moreover, Figure
5.8 suggests a possible resonant link between the two speeds in IC 342, in that the
lower speed begins near its ILR (or possibly its inner 4:1 resonance). The low speed
also seems to end at the 4:1 resonance, and possibly CR (within the uncertainties).
However, the cut radius rc in Figure 5.8 seems less an accurate bound on the four-
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armed spiral, which continues out to r∼11 kpc (see the zeroth-moment map in Figure
5.1), than an indication of where the warp begins. In this case, whether the warp
and four-armed spiral are related or share a common origin is unclear.
Although we might also infer from Figure 5.8 that the inner speed lacks an ILR,
our uncertainty in the rotation curve at the center is high, given the low resolution of
the maps. Without more confidence in the behavior of the Ω-κ/2 curve, in particular,
it remains unclear whether this speed, and the structure it describes, has an inner
bound. Currently, then, both the spiral structure traced by CO and the distinct
bar with length aB ∼1.5 kpc (Crosthwaite et al., 2000) appear to rotate with speed

Ωp ∼40 km s−1 kpc−1 . As in M101, this notably implies that the bar ends well
inside its corotation radius, a circumstance which may also be evidenced by the ∼9◦
offset between the molecular and stellar bar major axes (Crosthwaite et al., 2001),
as similarly discussed in §5.4.2.1.
On the other hand, the molecular bar and inner spiral could have different pattern
speeds measurable, in principle, but for the width of the radial bins; information from
the zone of the molecular gas, which covers a relatively small extent, is limited to
only a minor contribution in solutions. Although the two-pattern speed solution in
Figure 5.8 yields a significantly better fit to the data, a higher pattern speed can,
in fact, be recognized in solutions modeled with three distinct pattern speeds: the
lowest χ2ν solution of this type at PA=42◦ favors a transition at rti =1.6±0.45 kpc
from Ωp =34±9 km s−1 kpc−1 to a higher Ωip =70±12 km s−1 kpc−1 , with Ωp =12±4
km s−1 kpc−1 between rt =5.3±0.64 kpc and rc =9.8±0.19 kpc. (Errors represent the
dispersion in three-speed solutions where the inner-most transition, found best at
the optimal PA, is held fixed from PA to PA). This speed is particularly compelling
since the bar would end very near CR, and at this radius overlap with the lower,
spiral pattern’s inner 4:1 resonance.
However, we emphasize that this identification is inconclusive at this point; the
zone of the higher pattern speed is covered by only four radial bins, or less than 11%
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Figure 5.10 Best-fit regularized solutions for NGC 3938 with PA=21◦ ±2◦ . For both
B
solutions, ΩA
p (thick line) and Ωb (thin line), dashed red lines represent the dispersion
in the pattern speeds at the three PAs. The green horizontal error bar shows the dispersion from PA to PA in rt in solutions derived with a two-pattern speed model. The
−1
single, constant speed solution measures ΩA
kpc−1 , while in the twop =6.6±2.1 km s
−1
speed solution, the value in the inner zone corresponds to ΩB
kpc−1
p,1 =53±9.2 km s
−1
out to rt =3.4±0.7 kpc followed by ΩB
kpc−1 . Curves for Ω and
p,2 =7.7±1.6 km s
Ω±κ/2 are shown in black and cyan.
of the disk. (Note that the CO–which has a much higher resolution than the HI–alone
cannot be used as a continuity-obeying kinematic tracer, unlike in M101.) Sensitivity
to variation in the CO-to-H2 conversion factor (e.g. given the metallicity gradient in
this galaxy measured by Vila-Costas & Edmunds 1992) is also currently untestable;
with such a large radial bin width any variation in X that we might accommodate
would be crude at best and, with only four bins covering the CO emission, would
likely yield an insignificant result.

5.4.4

NGC 3938

Given the resolution of the HI data (to which the BIMA CO cube had been smoothed
prior to the combination) and, as a consequence, the rather large bin width ∆r=1.7
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Figure 5.11 Total H2 +HI surface density in NGC 3938 highlighting the structure
inside ∼15 kpc. The transition rt marking the extent of the inner pattern speed in
solution ΩB
p is shown as a dashed black circle. The horizontal bar near the bottom
left indicates the physical scale.

kpc, our TWR solutions calculated in slices |y|≤13.1 kpc contain only 8 radial bins.
This, together with the low inclination of the disk–which compromises the signatures
of departures from axisymmetry in the velocity field–limits how well radial variation
in the pattern speed can be detected, if present. Under this scenario, we find that two
TWR solutions calculated with regularization over all radial bins (i.e. with no rc ) fit
the data equally well. The first ascribes a single, constant pattern speed ΩA
p =6.6±2.1
km s−1 kpc−1 to structure throughout the disk, while the second incorporates the
−1
measurement of a distinct, higher pattern speed ΩB
kpc−1 inside
p,1 =53±9.2 km s
−1
rt =3.4 kpc (in addition to the lower ΩB
kpc−1 ). Solutions with a
p,2 =7.7±1.6 km s

cut radius show only minor departures from these values (although they fit the data
less well). We take this as an indication that the faint emission in the outer HI disk
included in the fully regularized solutions (see Figure 4.1) does not have significant
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impact on our measurements. (With such a large bin width, however, any cut radius
leaves a large portion of the disk unregularized, reintroducing noise into solutions.)
The measurement of any pattern speed at all may be surprising, given the low
inclination angle and the apparent lack of strong, organized structure in both the HI
and (smoothed) CO emission analyzed here. Comparison with the rotation curves in
Figure 5.10 greatly aids our interpretation of the measurements, although any conclusions that might be drawn are tenuous at best; for this low inclination, rotation
curves are highly uncertain (though similar to those throughout the literature, e.g.
Jimenez-Vicente et al. 1999 and Combes & Becquaert 1997).
B
With this in mind, we find it noteworthy that the low speed ΩA
p (or Ωp,2 ) is

very near Ω-κ/2 in the outer disk (Figure 5.10; and possibly near Ω-κ/4, as well).
This similarity seems reminiscent of a pattern formed by closed, precessing elliptical orbits guided by the near-constancy of Ω-κ/2. But since there is no dominant
m=2 Fourier component visible in the 21 cm emission or in the NIR (as observed
by Castro-Rodriguez & Garzon 2003) at these radii, it is unclear that this speed is
associated with spiral structure, at all. A lack of spiral streaming motions in the
atomic gas (as also observed in the ionized component of the ISM; Jimenez-Vicente
et al. 1999), would furthermore lead us to expect that, for any asymmetry in the
surface density, a value much closer to the disk angular rotation frequency Ω would
be measured.
At radii r.6 kpc, on the other hand, clear spiral structure is identifiable in the
NIR (see the K-band image in Castro-Rodriguez & Garzon 2003). At the very least,
this seems to suggest that the two-pattern speed solution ΩB
p (with rt as marked
in Figure 5.11) may be more realistic than ΩA
p ; the faster inner speed seems more
compatible with structure at these radii than Ωp ∼7 km s−1 kpc−1 since, even with
uncertainty in Ω at the inner radii and the near-constancy of Ω-κ/2 at the outer
radii, the low pattern speed’s ILR would lie at r&5 kpc.
Nonetheless, whether ΩB
p,1 is a reliable measurement of the expected higher pat-
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tern speed is difficult to assert. The transition rt (see Figure 5.11) lies just inside the
edge of the CO emission tracing a two-armed spiral (clear in the unsmoothed BIMA
SONG map; Helfer et al. 2003), and so the measurement presumably reflects the
speed of this pattern. However, even though this speed appears to cover a quarter
of the disk, in general we expect that two radial bins would not supply sufficient
leverage on the measurement. (This is arguably the reason why the two TWR solutions are indistinguishable). Indeed, with so few bins in this zone we are prevented
from diagnosing radial variation of order higher than zero. Furthermore, the accuracy of the measurement, if real, depends on how accurately information about
the two speeds can be separated according to the parameterization of the transition
rt =3.4 kpc, which here may be severely limited by the size of the radial bin width.
(Note that, as in IC 342, the unsmoothed 6” resolution CO alone cannot be used
as a continuity-obeying kinematic tracer, since ISM is not molecule-dominated over
the extent of the CO emission. Tests for sensitivity to variation in the CO-to-H2
conversion factor are also not well-accommodated with so few, large radial bins).
These shortcomings notwithstanding, the distinct measurement inside r∼3 kpc
seems credible if only that it is consistent with values indicated by two independent approaches using different tracers of the spiral structure. Based on a multiwavelength data set, Korchagin et al. (2005) find with a global modal approach
that the dominant m=3 and m=4 modes in their multi-wavelength observationbased simulations are well-described with a pattern speed near ∼55 km s−1 kpc−1 .

Martinez-Garcia et al. (2009) propose a similar pattern speed, ∼47 km s−1 kpc−1

(adopted from Martinez-Garcia et al. 2009 for D=11.3 Mpc), based on the azimuthal
age gradient across the spiral arms calculated from optical images.
From Figure 5.10 we might also argue that, within the uncertainties, ΩB
p,1 ends
near corotation at rCR =2.5 kpc and so represents a physically realistic scenario, also
recently identified in M51 (Paper II). However, this speed might just as reasonably
end at OLR, depending on the rotation curve, the determination of rt , and the mea-
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surement itself. Also, while this pattern appears to lack an ILR, this is uncertain
given that the angular velocities are the least well-determined at the inner radii. At
this point there also does not seem to be a clear relation between the two pattern
speeds (e.g. overlapping CR and ILR; Masset & Tagger 1997b), especially since resonances for the outer speed ΩB
p,2 are difficult to establish, given the flatness of the
resonance curves.
While our confidence in the TWR measurement is tempered by the low inclination of the disk, the value of this analysis lies in the prospect of renewed perspective
on the nature of the structure in this galaxy. Although in no way definitive (based
B
on the TWR method, alone), the lower measurement near Ω-κ/2 (either ΩA
p or Ωp,2 ),

in particular, may be compatible with several pieces of evidence that point to the influence of the DM halo first contemplated by van der Kruit & Shostak (1982).

As

investigated by Frenk et al. (1988) or by Jog (1997), for example, the DM halo may
be responsible for the appearance of structure in this isolated galaxy, which otherwise
seems difficult to reconcile with the finding that the gas disk is everywhere subcritical to gravitational instability (as remarked upon by Combes & Becquaert 1997,
and aside from an alternative increase in instability possible through the coupling
between multiple components in the system, e.g. Jog 1992).
Specifically, where the Toomre stability parameter in the gas is high, Bureau et
al. (1999) and Frenk et al. (1988) suggest that the torque due to a triaxial halo
(predicted by CDM simulations of hierarchical structure formation; e.g. Dubinski &
Carlberg 1991) with slow figure rotation can drive structure in extended HI disks.
Material (though not exclusive) to this scenario, the disk of NGC 3938 exhibits intrinsic ellipticity: as similarly diagnosed in other eccentric nearby spirals by Andersen et
al. (2001), the photometric and kinematic position angles of NGC 3938 are offset by
nearly 50◦ (Daigle et al., 2006). In fact, Castro-Rodriguez & Garzon 2003 measure
an ellipticity ǫJ =0.11 in the J-band. So while the ellipticity may have arisen with an
asymmetric accretion of matter, for example, it could also reflect an m=2 potential
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perturbation occasioned by triaxiality in the DM halo (see, e.g., Andersen et al. 2001
and references therein). In this case, the TWR solution may represent a measure of
the rotation speed of such a halo, if the structure in the outer disk (which, extends
further in HI than in the optical; van der Kruit & Shostak 1982) arises in the manner considered by Frenk et al. (1988). Currently, however, it is not clear that the
structure in NGC 3938 is compatible with the strong two-armed patterns found in
the simulations of Frenk et al. (1988).
Alternatively, the overall instability of the disk might be increased by a global
mass asymmetry resulting from the m=1 perturbation to the halo potential considered by Jog (1997, 2000 and 2002), which is also a possible source of the ellipticity.
This latter scenario seems to be compatible with other observable characteristics of
this galaxy: like Tully et al. (1996) and Bournaud et al. (2005), we find the HI disk
to be slightly lop-sided toward the north, and this m=1 asymmetry appears in the
HI velocity field, as well. (As previously demonstrated with the Hα observations of
Daigle et al. 2006, we measure a ∼10-20 km s−1 difference between the approaching
and receding sides beyond r∼11 kpc.) In this case, the TWR measurement may
reflect the response of the gas (and stars) to this perturbation if the elliptical orbits
calculated by Jog (1997) precess with frequency Ω-κ/2.
Again, our TWR measurement does not confirm, or distinguish between, these
possibilities. In either of the two scenarios it is also not clear if, or how, the inner, higher speed may relate to the lower speed. Higher resolution observations are
B
necessary to first establish which of the two solutions, ΩA
p or Ωp , is the most appro-

priate for this galaxy. Only then will it be possible to more rigorously explore the
relation between the two pattern speeds suggested by the solution ΩB
p and perhaps
then recognize the true nature of the low speed.
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Figure 5.12 Best-fit regularized solution for NGC 3344 with rc =6.8±0.43 kpc for
PA=155◦ ±2◦ . For this solution, bins exterior to rc (not shown) have been calculated
without regularization. Dashed red lines and the green horizontal error bar represent the dispersion in the pattern speeds and rc in solutions derived at the three
PAs. The value in the zone of the bright spiral structure corresponds to Ωp,1 =44±4
km s−1 kpc−1 out to rc . Curves for Ω, Ω±κ/2 and Ω±κ/4 are shown in black, cyan
and blue.

5.4.5

NGC 3344

The best-fit solution calculated in slices out to |y|=19.4 kpc with radial bin width
∆r=0.75 kpc (corresponding to the ∼20” resolution of the HI cube) is shown in
Figure 5.12 along with rotation and resonance curves. Immediately we notice that,
according to our determination of the cut radius rc =6.8±0.43 kpc–near the location
where the warp has been identified to begin (r∼7 kpc; Verdes-Montenegro et al.
2000)–this spiral pattern ends at OLR, within the uncertainties. The inner bound
for the single, constant speed Ωp =44±4 km s−1 kpc−1 in Figure 5.12, on the other
hand, is less clearly well established here. The paucity of 21 cm emission inside r∼1
kpc not only leads us to suspect that the measurement may not be valid all the
way to the center, as suggested by our solution in Figure 5.12 (calculated with bins
covering all radii r≥0), but it also prevents us from constraining the angular rotation
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curve there (and the position of the ILR) with confidence.
Even so, according to our estimate rILR ∼1.0 kpc, the spiral could reasonably begin at the inner ring, as identified in the optical by Verdes-Montenegro et al. (2000).
In this case, with the single pattern speed implied by our TWR solution, both the
inner and outer rings, at r=1 kpc and r=7 kpc (Verdes-Montenegro et al., 2000),
are arguably associated with spiral’s inner and outer Lindblad resonances. We note
that this depends in no small part on the TWR method; the separation achieved
by the cut radius between the strong spiral structure and the m=1 distortion grants
a measurement for the former constant speed which is significantly different from
that implied by the traditional TW method, Ωp =26±6 km s−1 kpc−1 (calculated
with the same slices, kinematic parameters, and limits of integration as in the TWR
calculation).
The model-independent TWR method, moreover, resolves the ambiguity in the
study by Verdes-Montenegro et al. (2000). There, the uncertainty in the rotation
curve precluded the reliable association of the inner and outer rings with resonances,
and the estimation of a pattern speed (Verdes-Montenegro et al., 2000). With the
identification above we can confirm that the outer pseudoring at r∼7 kpc originates
with the spiral, as opposed to the bar, which Verdes-Montenegro et al. (2000) argue
is too small to have an OLR at this radius.
The inner ring, on the other hand, seem more likely related to the bar (which it
surrounds; Verdes-Montenegro et al. 2000), given the proximity of these two features.
That we find the spiral’s ILR nearly coincident with the location of the inner ring
might then be a manifestation of resonance overlap between the speeds of the bar and
spiral. If the spiral with lower speed is driven at resonance, for example, our TWR
solution may suggest a reasonable speed for the bar, which we are prevented from
measuring here. In particular, if we associate the inner, ILR ring with inner extent of
the spiral (inside of which the HI density falls off), such a scenario could be realistically achieved via CR-ILR mode-coupling, where the bar rotates with pattern speed
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Ωp &150 km s−1 kpc−1 for rCR ∼1.0 kpc. The bar, with length aB ∼0.7 kpc (VerdesMontenegro et al., 2000), in this case would be reasonably fast, with rCR /aB ∼1.4.

Alternatively, we might expect a bar pattern speed Ωp &80 km s−1 kpc−1 , in the event

of the CR-inner 4:1 resonance overlap discussed in §5.4.2, in which case rCR /aB ∼3.5.
In the former (latter) scenario, the inner ring could be located near the bar’s CR
(inner 4:1 resonance), at least with the rotation and resonance curves derived here.
Our TWR solution also seems to endorse the scenario speculated upon by VerdesMontenegro et al. (2000) for the origin of the warp in this galaxy, namely through the
non-linear coupling proposed by Masset & Tagger (1997a). In this scheme, the warp
(manifest in the lop-sided part of the HI distribution, which extends 34% further
toward the SE than NW; Verdes-Montenegro et al. 2000) would originate through
a coupling at OLR between a spiral density wave and two “warp waves”. Since we
have established that the spiral structure ends at OLR, in the absence of tidal interaction with a companion galaxy (Thilker et al., 2007), the spiral pattern itself could
be capable of generating the warp in the outer disk.

5.5

Summary and Conclusions

Direct pattern speed measurement affords an observational resolution for several fundamental issues in the nature and origin of spirals. The relation between bar and
spiral pattern speeds, the number and radial domains of patterns speeds that can be
sustained in the disk, and whether spiral structure is steady or winding, for example,
can all be established with knowledge of spiral speeds and their radial variation. The
TWR method, a technique for measuring radially varying pattern speeds, supplies
us with the first such measurements to address these issues.
In this chapter (paper: Meidt et al. 2009) we have applied the TWR method
to observations of CO and HI in four spiral galaxies. For this work, we have ex-
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panded the number of spiral galaxies to which TW-type calculations can be applied
by considering, for the first time, the combination of both molecular and atomic gas.
Together, the two ISM phases better meet the continuity requirement of the method
and also afford greater insight into whether (and how) multiple spiral pattern speeds
extend over a large range of radii. This has notably increased the sample size of
galaxies analyzed with the TWR method so far.
Our TWR solutions for M101 (§5.4.2), which, of all the solutions presented here,
are equipped with the smallest radial bins, very clearly show radial variation in the
pattern speed across the disk. Within the inner 3’, we find convincing evidence that
the bar and spiral have the same pattern speed (distinct from an exterior speed),
and that both lie inside corotation. This represents a scenario quite different from
recent findings in favor almost exclusively of fast bars (with 1.rCR /ab .1.4; Corsini
2008) albeit in mostly early-type barred galaxies.
In M101–as well as in IC 342 and possibly NGC 3938–we also find that the extensive spiral structure there is best described with more than a single pattern speed.
Furthermore, in both M101 and IC 342 we find evidence that the transition between
two speeds coincides with resonance overlap. In the former, the transition between
the two- and four-armed patterns occurs near the overlap of the inner’s OLR and
the outer’s inner 4:1 resonance. In the latter case, the inner pattern transitions to a
four-armed spiral at an OLR-ILR overlap.
Although the specific resonance overlaps identified in M101 and IC 342 have not
been conclusively demonstrated as true instances of mode-coupling (e.g. Sygnet et
al. 1999, Masset & Tagger 1997b), together with the CR-inner 4:1 resonance overlap
in M51 (Paper II), this work suggests that there exist several possibilities dictated
by resonance overlap by which extensive spiral structure can be sustained. Our findings are qualitatively similar to the barred spiral simulations of Rautiainen & Salo
(1999), but we note that the spatially coincident existence of multiple modes with
different pattern speeds, as often found there beyond the bar, is untested with the
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TWR calculation here. Even so, the outer four-armed spirals in both M101 and IC
342 are arguably excited at resonance by the patterns interior.
On the other hand, in our sample we also find extensive spiral structure in the
absence of clear resonance overlap. The speed characteristic of the outer, flocculent
structure in NGC 3938, for instance, does not seem to be clearly related to that of
the inner, two-armed spiral, if the two speeds are distinct. In addition, the tight
spiral structure throughout the HI emitting disk in NGC 3344 is best described with
a single, constant pattern speed.
In no case do we find that pattern speed is a smoothly decreasing function of
radius, as might be expected for a winding spiral. Our cut procedure, however, may
introduce a bias against such spirals if they exist preferentially in the outer regions
of the disks in our sample; the radial bins covering the outer portion of three of the
four galaxies where a warp is evident are excluded from our models and calculated
without regularization.
Even though in this case we cannot characterize the patterns that may distinguish
the warped regions of the disks in our sample, accurate measurements for the pattern
speeds of the structure interior can, themselves, recommend different mechanisms by
which warps are expected to originate and evolve. The galaxies in this sample are
consistent with various existing explanations. Where the spiral structure ends at
OLR in a warped, isolated galaxy (e.g. NGC 3344), for example, spirals themselves
may be capable of exciting the warp through the non-linear coupling proposed by
Masset & Tagger (1997a). In the absence of both a companion and this resonance
boundary, but where the disk is intrinsically elliptical, as in NGC 3938, the ellipticity, the warp and/or the instabilities in the disk may arise with a DM halo or the
asymmetric accretion of matter (discussed in § 5.4.4). An obvious companion, on the
other hand, is a clear, potential source of tidal perturbation to the disk (e.g. M101
and IC 342). Although an accompanying warp or distortion may not necessarily
relate to the spiral structure at resonance, where the speed of outer structure is near
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the Ω-κ/2 curve, for example, this structure may be resonantly excited (at ILR) by
the external perturber (see e.g. Salo & Laurikainen 2000a).
These issues, and the existence of extensive spiral structure, are best developed
with a larger sample of galaxies, where meaningful trends will be more clearly established. For greatest effect, the TWR calculation should be applied to higher
resolution HI observations than we analyze here. In all of the galaxies in our sample
(excepting M101) the resolution of the HI data limits our confidence in how well
radial variation is constrained. It also inhibits our leverage on information extracted
in the zone traced by CO emission (which we smooth to the resolution of the HI in
combining the two observations).
A large radial bin width likewise prevents us from satisfactorily testing the effect
of variation in the CO-to-H2 conversion factor on TWR pattern speed estimates.
Future studies with higher resolution observations (and therefore more radial bins
across the CO-emitting disk) may be able to better test for the effects of a gradient
or arm-interarm variations in X. We note, though, that these types of variations
were found to have a negligible effect on TW estimates (Zimmer, Rand & McGraw,
2004), and here we find that low-level variation in the X-factor produces very little
change in our TWR solutions for M101.
In general, these types of TWR measurements in nearby galaxies are invaluable
for interpreting observational studies of the evolution of bar and disk parameters
now possible with HST. They also promise to be significant for studies at intermediate redshift, and future studies with JWST, which will extend structural parameter
measurement to larger redshifts and allow smaller bars and the earlier evolution of
disks to be studied.
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6.1

Introduction

This thesis has demonstrated an indispensable technique for the observational resolution of several issues fundamental to a precise understanding of the nature and
origin of spirals. By employing the TWR method, it is now possible to assess radial
variation in pattern speeds throughout the disk and hence determine whether spirals
are steady or winding, whether bar and spiral speeds are the same or different, and
whether multiple spiral speeds exist in the same disk.
The results of the previous two chapters, in particular, mark a significant advance in our understanding of the underlying processes that govern the maintenance
of extensive spiral structure. There, the first direct observational identifications of
resonance overlaps are reported. In some cases, these overlaps are consistent with
true instances of mode-coupling, as identified in simulations between the CR and
ILR of inner and outer patterns by Salo & Laurikainen (2000a). In others, the results suggest that the outward transfer of energy and angular momentum may be
as effectively achieved at the overlap of any number of combinations of resonances.
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Investigation into these types of overlaps should enable a more complete appreciation
of the physics behind the origin and maintenance of spiral patterns.
For the small sample of galaxies studied here, we also find that the extensive spiral structure in some systems can be described with just a single, constant pattern
speed. Understanding how these spiral patterns, and the properties of their host
galaxies, differ from spirals (alternatively) sustained with multiple speeds should refine constraints on theories of spiral structure, especiallly given statistics available
with a larger sample of galaxies.
In nearby spirals, high-quality HI and CO data with high resolution and sensitivity becoming available now, and especially with ALMA and SKA in the near future,
should grant the continually improving effectiveness of the TWR method in this respect. In addition, measurements of the kinematics of old stars far out in the disks of
nearby spiral galaxies made with high through-put Integral Field Units (IFUs) (and
combined, e.g., with high-resolution Spitzer NIR data) should, in principle, admit
spiral pattern speed measurement using the galaxy component which is even more
well-suited to the continuity requirement of the method. Through the old stars we
will moreover gain a direct probe for spirals as present in the underlying gravitational
potential of galaxies.
With a large number of these types of observations, direct determinations of
multiple pattern speeds will allows us to identify, and examine the prevalence of,
mode-coupling and other characteristic signatures of the processes that drive the
spiral structure. Together with the recognition of spiral winding now possible, these
measurements will not only furnish more thorough tests of theory, but also increase
our ability to quantify the influence of spirals on disks. With knowledge of the
lifetimes of spiral patterns, for example, the timescales of dynamical evolutionary
processes, such as the heating of disk stars by scattering off of spiral arms in latetype spirals (Merrifield et al., 2001), are better definable. The practical chronology
of the global spiral influence on the processing of the interstellar medium and star
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formation in a given galaxy is also possible.
So, too, are we now in a position to more rigorously evaluate theories of bar and
spiral structure which had been previously only indirectly tested, if at all, particularly
those suggesting a relation between bars and spirals. This thesis has demonstrated
that whether, and how, spirals are driven by bars can be addressed with TWR-based
analysis of the relation between bar and spiral speeds. Since the TWR method,
itself, grants improved measurement of bar speeds, the role of bars in governing angular momentum transfer during disk secular evolution can be better understood; in
contrast to the TW method, TWR bar speeds can be more accurately determined
in the presence of strong spiral structure beyond the bar. This affords bar pattern
speed estimation in galaxies beyond SB0s, which is crucial for establishing the correspondence between bar length and corotation radius in nearby late-type galaxies
as a test for the DM content in the centers of these systems (so far studied in mostly
early-types).
As applied to barred galaxies at higher redshift, the discriminating power of
the TWR method can be likewise exploited, especially given the new generation of
spectroscopic instruments combined with adaptive optics (AO) systems. The instruments installed on, e.g., the Gemini North, Keck, and William Herschel telescopes
are capable of high-resolution observations of the kinematics of disk stars at roughly
0.5.z.1.5; with diameters on the order of ∼2” at z=1, galaxies can only be successfully analyzed with TW-type methods given the spatial resolution (∼0.1”) achieved
with AO systems.
With such intermediate-z observations, it will be possible not only to investigate
the properties and evolution of the DM content in the centers of barred galaxies
between now and z∼1, but also to explore bar pattern speed evolution over time, a
characterization critical for observationally establishing the connection between the
appearance of bars and their governing role in secular evolution processes. Specifically, determining whether bars speed up or slow down with time (decreasing z) may

182

Chapter 6. Summary and Future Work
supply answers to other fundamental questions, such as whether bars become more
or less efficient at driving mass flows in disks and building exponential disks, as well
as regulating star formation and fueling AGN.

As these many avenues of research would suggest, with a practicable modification of the continuity-based TW method we are now in a position to uncover more
of the apparently complex physics that lies behind spiral structure. Now also firmly
in our grasp is the fundamental insight with which to understand the emergence
of differences among spiral galaxies across the Hubble sequence. However, several
avenues for exploration remain, which can also be approached from the perspective
of the TW method.
In the upcoming sections I describe extensions of the TW method designed to
lift the degeneracy between the pattern speed and other simultaneously-available information representative of the influence of bar and spiral structure on the evolution
of disks. These extensions are based on the formalism of the continuity equation
wherein the simple assumption of a pattern speed with radial variation is only one
of several possibilities: in practice, the pattern speed could otherwise vary in time,
the surface density could vary with time apart from the original assumption (i.e.
time dependence in the azimuthal coordinate, only), or there may be more than one
pattern speed in a single radial zone.
The first such extension should facilitate detections of bar-driven gas inflow
crucial for establishing direct observational evidence for the fueling of starbursts
and AGN. In addition to radial mass flows in gas, the possibility for the spatiallycoincident existence of multiple spiral patterns (and the effect this may have on star
formation and radial heating of disk stars) and the pattern speeds of lop-sided, m=1
structures (useful for probing large-scale gas infall and accretion) can also thereby
be accommodated. These considerations are complimentary to the broad topics in
galaxy evolution currently addressed by initiatives within the THINGS and HERA-
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CLES studies (i.e. Walter et al. 2008; Trachternach et al. 2008; Leroy et al. 2009),
as well as with UDF and COSMOS (see Beckwith et al. 2006; Shi et al. 2006; Daddi
et al. 2005; Scoville et al. 2007; Sheth et al. 2008). Both the gas inflow and multiple
mode methods (described in § 6.2 and § 6.3, respectively) have the capability to
provide immediate and unique insight into fundamental issues so far observationally
tested or addressed only indirectly, if at all.

6.2

Model-independent Measurement of gas flows
in galaxy disks

While the role of gas flows as an agent of disk evolution has been a topic of great
interest in recent years, comprehensive, model-independent evidence for inflow is
lacking. In the picture driven by theory and simulation, bars effectively drive gas
inwards, which can then presumably fuel central starbursts and AGN, but a central
concentration of gas, itself, in some instances, can destroy the bar (e.g. Shen &
Sellwood 2004). Cold gas accreted along filaments can destabilize the disk, thereby
forming (and reforming) bars, and on its path inward, gas can also stall at resonances
(Buta & Combes, 1996), shutting off the supply to star formation.
Clearly, in this picture, the timescale for these gas-dependent processes controls the disk secular evolution. Establishing gas flow rates with observation is
therefore highly desirable, especially for characterizing AGN fueling, bar formation/destruction, and the chemical evolution of disks. Observationally, however,
addressing the rate of radial gas flow with kinematics can be difficult since we are
restricted to observe only the component of velocity along l.o.s., vl.o.s. , which reflects
both the radial and azimuthal velocity in projection. While radial flows can be indirectly inferred at positions along the minor axis (where radial velocities dominate
the line-of-sight), few measurements of the net flux exist that do not also depend
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on modelling of some kind (see Regan et al. 1997 for NGC 1530). Consequently,
satisfactory evidence for the exact nature and magnitude of such flows is hard to
obtain (but see Wong, Blitz & Bosma 2004).
Given the circumstances with which velocities are revealed to observers, a compromise can be made by using the two-dimensional integrated continuity equation, in the
manner of Tremaine & Weinberg (1984). From the line-of-sight velocity the constant
TW bar pattern speed Ωp derives from an explicit assumption for the time dependence of the surface density, namely Σ(r, φ, t)=Σ(r, φ − Ωp t) whereby ∂t Σ=−Ωp ∂φ Σ.
But, going one step further, if one also assumes that Σ is separable into radial and
azimuthal components and that the radial component itself depends on time, than
integration of the continuity equation yields an expression for both the mass flux
ṁ–a measure of radial gas flows–and Ωp in the disk.

6.2.1

The calculation, with spatially constant Ωp

In what follows I assume that the surface brightness is separable into radial and
azimuthal components such that
Σ(r, φ, t) = g(r, t)S(φ − Ωp t)

(6.1)

whereby Σ̇=ġS + g Ṡ (and the dot refers to the derivative with respect to time).
This assumption is equivalent to recognizing that the amplitude of the response to
a non-axisymmetric potential may vary with time, in which case Σ(r, φ, t) resembles
Σ(r, t)eim(φ−Ωp t) instead of Σ(r)eim(φ−Ωp t) , for instance.
In this case, integration of the continuity equation over x from -∞ to ∞ and y
from y ′ to ∞ with spatially constant Ωp (using that Σ→0 as |x|→∞; in the manner
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of Tremaine & Weinberg 1984) yields
Z

∞

−∞

Z

∞

ġSdxdy = Ωp

y′

Z

∞

−∞

xΣdx −

Z

∞

Σvy dx,

(6.2)

−∞

with the integrals on the right evaluated at y ′ . The left-hand side represents the
radial mass flux over the area of the disk between y ′ and the disk edge which we here
define as Ṁr (y ′ ). In principle, Ṁ is a measure of the change in the radial distribution
of the mass with time, an increase or decrease in mass the result of radial inflow or
outflow. Some of the departures from circular rotation (i.e. radial motion; perhaps
not exclusive of the pattern) along the line-of-sight are detected as radial inflow or
outflow.
Equation (6.2) can be solved directly for Ṁr (y) given some assumed value for Ωp
since
Ṁr (y) =

Z

∞

−∞

(ΣxΩp − Σvy ) dx

(6.3)

at each slice position y, which can be cast in terms of familiar TW quantities,
Ṁr
= Ωp < x > − < vy > .
∂y M
where ∂y M =

R∞

−∞

(6.4)

Σdx.

On the other hand, we can solve for Ṁr (y) and Ωp simultaneously using a linear
least squares or a singular value decomposition (SVD) fit, for instance. In this case,
R∞
R∞
solving for the n unknowns requires measurements −∞ xΣdx and −∞ Σvy dx from
at least n + 1 neighboring slices.

Notice that, in arriving at eq. (6.2), we have not made an assumption as to
whether Ṁ is constant, and the calculation in fact admits measurements of radial
variation in Ṁ . However, where the mass flux varies with radius, a non-zero Ṁ
in the outer regions of the disk contributes to the Ṁ measured interior, and so
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measurements at each slice position y are prevented from accurately representing
mass flux as a function of radius. It may therefore be useful to consider the change
in Ṁ (calculated over the disk from y to the edge) from one slice to the next as
given by ṁ(y)=Ṁ (y) − Ṁ (y + dy), the mass flux in the zone from y to y + dy.
Note that while this better isolates the mass flux at a given position, ṁ maintains a
contribution from mass flow at all x along the slice/zone, and so the calculation still
does not afford an optimal measure of radial variation in the mass flux, if present.
Traditional TW measurements are similarly impeded where true spatial variation in
Ωp is present. Later in § 6.2.2 we consider the discretization of the integral on the
left of eq. (6.2) in the manner employed in the TWR calculation for Ωp (r).
The benefit of the simple form of equation (6.2) is clear in the straightforward
interpretation it grants. According to the sign convention here, when ṁ and Ωp are
the same (opposite) sign, ṁ signifies inflow (outflow). With regard to the TW or
TWR methods, outflow (inflow) not accounted for results in the measurement of a
higher (lower) pattern speed than measured with this calculation. The difference
R∞
between the two varieties is ±Ṁ / −∞ Σxdx given that
Ωp

Z

∞

xΣdx =

Z

∞

Σvy dx + Ṁ

(6.5)

−∞

−∞

whereas
ΩTp W

Z

∞

−∞

6.2.2

xΣdx =

Z

∞

Σvy dx.

(6.6)

−∞

The calculation, with Ωp (r)

In disks with a well-established, constant pattern speed (as in barred galaxies with
little asymmetric structure beyond the bar), the calculation in the previous section,
which assumes a constant pattern speed, should yield an immediately interpretable
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structure-induced inflow. But where the structure is more complex, extension of the
method for allowing spatial variation in Ωp is desirable.
As in the TWR method where Ωp =Ωp (r), the first integral on the right of equation
(6.2) can be discretized such that equation (6.3) becomes (in matrix form)
Ṁi = Kij Ωj − bi

(6.7)

R∞
with Ωj , Kij and bi = −∞ Σvy dx defined as in Merrifield, Rand & Meidt (2006) and

Meidt et al. (2008a). However, unlike for equation (6.2), the solution of eq. (6.7) for
both Ωp (r) and ṁ is intractable with an SVD fit. In this case, only an exploration of
the ṁ associated with different predictions for Ωp (r) (or vice versa) is possible. This
might be useful for investigating whether a radially varying pattern speed measured
with the TWR method instead corresponds to a simpler, constant pattern speed
together with radial mass flux, for instance.
On the other hand, a TWR-type discretization can also be applied to Ṁ to yield
measurements ṁ(r) by recognizing that the integral on the left of Equation 6.3 can
be written (in matrix form)
Ṁi = Γij Θjk ṁk .

(6.8)

Here, Γ and Θ are identical N × N upper triangular matrices with non-zero elements
Γij =Θjk =1.
Simultaneous measurements for Ωj and ṁk are then possible by solving the matrix
equation


K Γ·Θ





·

Ω
ṁ



 = b.

(6.9)
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The left-hand side is the product of an N × 2N dimensional matrix and a column
vector with length 2N , while the right side is the familiar column vector of data
R∞
points −∞ Σvy dx at each of the N slice positions y.
Note that this calculation is amenable to the regularization technique employed

with the TWR method described in Chapter 2. Regularized solutions for the pattern
speed Ωp (r), for instance, can be calculated by using a smoothing matrix S defined
such that S · S is an N × 2N matrix identical to the examples in § 2.2.2 within the
first N columns and composed of zero vectors in the last N columns.

6.2.3

Considerations for applying the method

As for the TW and TWR methods, the application of this method is restricted
by the requirement of continuity (see e.g., § 1.2.4 and 4.4.2 for a discussion). The
sensitivities of those methods are also shared by this calculation, and we can again
expect uncertainty in the PA to be the dominant source of error in the measurements.
Here, though, PA uncertainty may be of more consequence to the value of ṁ than
even to Ωp , since the identification of radial motions along the line-of-sight as either
inflow or outflow depends on the accuracy of the defined major and minor axes.
Furthermore, additional errors can be expected to arise given that the accuracy
of one measurement (either ṁ or Ωp ) relies on the goodness with which the other
is measured. Assessing the magnitude of this effect will be necessary before the
method can be reliably applied, as outlined in §6.4. So, too, must sensitivity to
the PA, inclination, kinematic center and systemic velocity be investigated. As
demonstrated at the end of § 6.2.1 above, the method attributes the deviation of
TW/TWR pattern speed measurements from the actual values to radial mass inflow.
In practice, however, such deviation might also be otherwise occasioned by systematic
errors arising with uncertainty in the kinematic parameters. Only with the careful
accounting of these errors can real inflow be reliably identified. Note, also, that any
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non-axisymmetric flows may be mis-regarded by the method, since axisymmetric
flows, only, are considered. A useful test for this effect might entail a comparison
between measurements from side to side (y>0 or y>0).
As discussed in § 6.4 below, corroborating evidence for inflow or outflow (based
on the expected motion of gas relative to resonance positions, for example) will help
establish the accuracy of, and assess errors in, the resulting measurements.

6.3

Measurement of spatially coincident Pattern
speeds

This thesis has so far discussed the measurement of pattern speeds, provided that
each is unique to a given radial domain. However, the structures for which Ωp is an
essential characterization may not, in general, admit such a simple description. In
many galaxies, the structure is complex, reflected by a surface density that can be
decomposed into several Fourier components, or modes. In M51, for example, the
asymmetry in the positions of the dominant two arms within r∼2.5 kpc has been
identified as the result of a strong m=3 mode found to exist within that zone (Henry
et al., 2003).
In such cases where more than a single mode exists, and where these modes reflect unique contributions to the surface density as individual density waves, a shared
pattern speed is not necessarily expected from theory. In principle, Ωp is a measure
of the speed with which a wavepacket of mode m returns with the same phase after
propagating between ILR and CR and refracting through the disk center (e.g. Binney & Tremaine 1987). Since the location of the ILR depends on m, while the CR
does not, wavepackets with different m might also be expected to have different Ωp .
In simulated barred spiral galaxies, spiral patterns beyond the bar are often found
to have multiple distinct, yet spatially coincident, pattern speeds (Rautiainen & Salo,
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1999). But while the presence of these coincident modes has been inferred indirectly
in real galaxies (e.g. Henry et al. 2003), no pattern speed estimates exist. In fact,
where the assumption of only a single pattern speed is invalid, the TW and TWR calculations can neither test for, nor accurately measure the pattern speeds of, multiple
coincident pattern speeds: the simple regularized models used in the TWR calculation are incompatible with non-unique pattern speeds and, more fundamentally, the
TW method itself assumes that there exists only a single, distinct pattern speed in
a given radial zone.
Here I describe a modification of the TW calculation founded on a simple assumption for the surface density that transforms the 2D integrated continuity equation
into an expression for any number of pattern speeds. Consider, for example, a surface
density decomposable into two independent contributions from two modes m and n,
each with its own unique pattern speed, such that
Σ = Σm (r, φ − Ωp,m t) + Σn (r, φ − Ωp,n t)

(6.10)

In this case,
∂Σm
∂Σn
∂Σ
= −Ωp,m
− Ωp,n
.
∂t
∂φ
∂φ

(6.11)

Integration of the continuity equation over the spatial variables x and y then yields
Ωp,m

Z

∞

−∞

Σm xdx + Ωp,n

Z

∞

Σn xdx =

−∞

Z

∞

Σvy dx.

(6.12)

−∞

where Ωp,m and Ωp,n are assumed constant. The right-hand-side is identical to the
surface density-weighted line-of-sight velocity integral featured in the TW and TWR
methods. But on the left, two weighted position integrals appear with weights Σm
and Σn , which we can recognize as the m and n Fourier components of the surface
density.
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In general, two or more pattern speeds as given by eq. (6.12) can be solved for
R∞
using linear least squares fits to data points b= −∞ Σvy dx or with a Singular Value
Decomposition (SVD), for instance. Note that, according to this expression, if the

two constant pattern speeds Ωp,m and Ωp,n are identical, the TWR calculation simply
returns the single Ωp =Ωp,m =Ωp,n . Alternatively, if the two surface density components/density waves have different frequencies ωn =nΩp,n but the same amplitude
(however, unlikely), then the TW measurement Ωp,q corresponds to the superposition beat frequency
qΩp,q = mΩp,m ± nΩp,n

(6.13)

where m ± n=q.
As similarly outlined in the previous section, the expression in eq. (6.12) can be
generalized for the case where the pattern speeds are allowed to vary in the radial
direction. Specifically, where Ωp,m =Ωp,m (r) and Ωp,n =Ωp,n (r), we can discretize the
integrals on the right of equation (6.12) such that


Km Kn





·

Ω

m

Ω

n



=b

(6.14)

(where the superscripts label the mode). In this way, measurements of two (or more)
pattern speeds in each of N radial bins can be found with an SVD fit to N data
R∞
points b= −∞ Σvy dx.

6.3.1

Considerations for applying the method

As with all TW-type calculations, spatially coincident pattern speed measurements
will be sensitive to the kinematic parameters adopted in the calculation (see e.g. §
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6.2.3). But here, the accuracy of the method (for any number of modes) will also
largely depend on how well the surface density associated with the different modes
(here m and n) are calculated. While these can be found with a simple Fourier decomposition, Fourier filtering itself may be prone to inaccuracies: realistically, even
a two-armed spiral is decomposable into many modes (besides the dominant m=2),
given the thickness of the arms, for instance. Furthermore, it is unlikely that the
surface density can be accurately decomposed into only a small number of modes
(here, two). A dummy surface density Σ-Σm -Σn associated with a dummy pattern
speed, for example, should be added to right of expression (6.10) to best isolate the
pattern speeds and Fourier modes of interest from the other modes present in the
disk (even if they are only modest).
As for the method introduced in the previous section, alternative sources of deviation between TW/TWR measurements and the actual pattern speeds must be
investigated before measurements of multiple coincident pattern speeds can be considered robust. Corroborating evidence for multiple modes–including high-quality
Fourier decompositions and the identification of other signatures of asymmetry or
mode-superpositions in velocity fields, as well as TWR measurements–should be explored concurrently to establish the reliability of the results. This may be especially
necessary where radial flows are also expected to exist; like multiple coincident pattern speeds, inflow or outflow can account for any departures of traditional TW and
TWR estimates from the actual pattern speeds (see § 6.2.1). In this case, it may be
useful to employ a hybrid expression like





K

m

K

n

Ω
 
 n
Γ·Θ · Ω

ṁ

m





=b


(6.15)

granting measurements of both multiple pattern speeds and radial gas flows. (Here,
the left-hand side is the product of an N × 3N dimensional matrix and a column
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vector with length 3N , and all elements are defined as above and in § 6.2). However,
the credibility of standard SVD solution for this set of simultaneous measurements
may be suspect, and error assessment likely difficult. In addition, care must be taken
to insure a sufficient number of slices to prevent the under-constraint of the multiple
variables.

6.3.2

Discussion: Potential Studies

Given the observation of more than a single mode under a diverse range of physical conditions, measurements of spatially coincident, distinct pattern speeds can, in
principle, supply critical insight into the evolutionary history of disks. Lop-sided,
m=1 modes, for example, appear in both gas and stars and are often found in disks
hosting two-armed patterns (Jog, 2008). While very little about their origins is observationally clear–in theory these modes can arise through the asymmetric accretion of
gas onto disks, tidal interaction, or global instability–knowledge of the m=1 pattern
speed will supply a fundamental estimate for the lifetime of the pattern, and hence
make it possible to identify the mechanism responsible for the origin of lopsidedness
in a given galaxy (Jog 2008, and through public communication). Provided that
the m=1 mode is not accompanied by a varying disk inclination (which would be a
violation of the underlying TW assumption that the disk is flat), measurements of
m=1 pattern speeds in the presence of other disk structures are now possible.
Multiple spiral modes in a given radial zone can also have a significant impact
on star formation and the processing of the ISM there, as investigated by Henry
et al. (2003). Pattern speed measurements for these modes should expose a more
dynamical characterization of this effect. In addition, multiple modes may indicate
a complex redistribution of mass within the disk that can be probed through the
quantification of the mode speeds, as explored briefly in the case of M51 below.
To start with, consider the coincidence in M51 of an m=3 mode identified be-
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tween r∼1.2 and 2.5 kpc (e.g. Rix & Rieke 1993; Henry et al. 2003) and the bright
two-armed spiral. If the two modes have distinct pattern speeds, then, as introduced
in § 4.5.7, the TWR measurement inside r∼2.5 kpc at 170◦ (Figure 4.3 or 4.4) may
reflect the superposition of the strong m=2 mode with the weaker m=3 mode within
this zone. (Note that this is an alternative interpretation to a varying PA, or radial
variation in the pattern speed of a single two-armed spiral pattern also considered
in Chapter 4).
With the m=2 and m=3 Fourier components accurately identified, the pattern
speeds of these two modes in principle can be measured by applying eq. (6.12).
But for the sake of discussion, here we simply infer the relation between the two
modes and their speeds by taking advantage of the TWR measurements in M51,
together with a set of practical (though perhaps unrealistic) assumptions. For instance, we first take the TWR measurement Ωp ∼50km s−1 kpc−1 measured in the
zone 2.5≤r≤4.1 kpc as the m=2 pattern speed at all radii r≤4.1 kpc and also assume
that the TWR measurement Ωp =90 km s−1 kpc−1 reflects the m=1 superposition of
the m=3 and m=2 speeds. Then, by imposing that the two modes have identical
amplitudes within r=2.5 kpc (disregarding the difference exhibited in Figure 4.2 for
simplicity), the m=3 mode would have a pattern speed ∼63 km s−1 kpc−1 according
to eqs. (6.12) and (6.13).
Although derived in an oversimplified manner, this value offers an operative, if
tenuous, interpretation for the m=3 mode as growing in support of angular momentum conservation. Consider that if the turnover in the Ω-κ/2 curve for M51 is nearer
47 km s−1 kpc−1 than 75 km s−1 kpc−1 (remarked upon in § 4.5.5), an m=2 pat-

tern with Ωp ∼50 km s−1 kpc−1 would lack an ILR. According to Sellwood & James

(1979), in the absence of an ILR for such an m=2 pattern we might expect it to fall
to the next (trailing) mode with an ILR to participate in the transport of angular
momentum outward (thereby necessarily increasing the entropy of the system, e.g.
Lynden-Bell & Kalnajs 1972). Specifically, where Ωp for a trailing m=2 wave greatly
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exceeds Ω − κ/2 (i.e. where this curve decreases with decreasing radius) then the
wave there is no longer capable of promoting a supporting response from the orbiting gas (which we expect only as long as the velocities generated by the wave do
not exceed its phase velocity; Lynden-Bell & Kalnajs 1972). Consequently, within
this framework, any additional angular momentum due to an external torque, for
example, may fail to be transported outward by the m=2 wave from the gas (if the
pattern speed considered here is valid). Conversely, the gas will not be able to lose
additional angular momentum to the two-armed, decaying spiral. (Note that this
is also expected to be accompanied by disk-heating.) With a pattern speed Ωp ∼63

km s−1 kpc−1 , and hence an ILR near the center, the trailing m=3 spiral propagating
with negative group velocity (Henry et al., 2003), on the other hand, may be capable
of removing angular momentum from the inner disk. This mode might therefore
represent the natural response of the disk to large non-zero mass flux inferred by
Shetty et al. (2007) within r∼2.5 kpc for PA=170◦ . (Note, in this case, that this
flux might be measurable with eq. [6.15]).

6.4

Development and Application of TW Extensions

Future work with these TW extensions should include determining their observational requirements, developing strategies for optimal extraction of the available information, and establishing the extent to which this information may be a dominant
influence on TW/TWR pattern speed estimates. Application to simulations, both
hydrodynamical and N-body, will be necessary to test the principle and the sensitivities of the gas inflow and multiple mode methods, respectively. This will guarantee
that they have the capability not only to improve constraints on pattern speeds and
thereby refine observational tests of theory, but also to shed new light on evolution-
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ary processes in disks.
For example, the gas inflow calculation can be used to several different effects,
given its unique advantage in supplying model-independent measurements of both Ωp
and ṁ simultaneously. Given a well-defined angular rotation curve, measurements
of ṁ can be directly interpreted in terms of the expected behavior of gas motions
relative to the resonant locations established with Ωp , and also compared with star
formation rates and AGN activity. From theory we expect that the sign of the flux
depends on the position relative to the resonance: torques exerted by a bar on the
disk are negative inside CR and positive outside, and so gas loses (gains) angular
momentum to the bar inside (outside) CR and therefore moves inward (outward).
Alternatively, since the calculation essentially separates the non-circular motions
along the l.o.s. associated with a bar from the radial motions due to inflow, it also
potentially allows the signatures of bars and DM-halo triaxiality to be distinguished;
whereas the former provide a measure of the bar’s Ωp , the latter, under the assumption of a non-tumbling, stationary halo (where Ωp =0), make no contribution to the
TW equation. With this constraint, the non-circular motions due to a halo perturbation can be isolated from those of a bar in velocity field models and arguably provide
a direct measure of the halo ellipticity (e.g. Simon et al. 2005).
Provided that the feasibility of the methods is established, application to observations of gas or stars (preferably with high resolution) should proceed in much
the same manner as with the TW and TWR methods. The gas inflow method, for
instance, is well-suited for application to CO observations of nearby barred galaxies with molecule-dominated ISMs (plus single dish, for the full flux information
needed), which arguably meet the continuity requirement of the method (e.g. as
argued by Rand & Wallin 2004). These observations are currently available at high
resolution and sensitivity with the CARMA and IRAM arrays. The capabilities of
the next generation of telescopes yielding 3D data (e.g. ALMA, ELT, SKA) can also
be uniquely exploited by this method.
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Multiple coincident spiral speeds, too, can be characterized using CO observations
of nearby molecule-dominated galaxies where the effect on ISM-processing and star
formation can also be investigated (i.e. Henry et al. 2003). Other possibilities for the
application of the multiple mode method include the measurement of lop-sided m=1
pattern speeds in outer disks observed at 21 cm, and the identification of multiple
coincident speeds in the old stellar disks of nearby galaxies (tracing the underlying
potential, and observable with a combination of Spitzer/IRAC and ground-based
IFUs).
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